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1.2 Introduction: Main objective and idea

Main Objective:

Propose an SMC scheme in order to guarantee global
stability and asymptotic exact tracking
Output feedback is considered
Uncertain linear systems are considered

Main Idea:

Implement a VS-MRAC with a combination of an standard
lead filter and the RED.
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1.2.1 Problem statement

Uncertain SISO LTI systems;

Arbitrary relative degree;

Plant:

yp(t) = Kp
Np(s)

Dp(s)
u(t)

Reference Model:

ym(t) =
Km

Dm(s)
r(t)

Objective: design u(t) such that

e0 = yp − ym → 0

Standard MRAC assumptions are considered
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1.2.2 Ideal VS-MRAC (n∗ > 1)

Main idea: consider operator L(s) which reduce to n∗ = 1.

ē0 = L(s)e0 → ē0 = k∗ML(s)[u + Ū]

However, the noncausal operator L(s) cannot be
implemented
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1.3 LF/VS-MRAC (n∗ > 1)

Use a lead filter to obtain a causal realization of L(s)

êl = La(s)e0 =

[
L(s)

F (τs)

]
e0; F (τs) = (τs + 1)l

If |βα(t)| ≤ τKR then ||e(t)|| ≤ Ke−at ||e(0)||+ O(τ)
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1.3.1 Robust Exact Differentiator (RED)
I

Based on second order sliding modes

The scheme is given by:





żi = vi ,

vi = −λi |zi − vi−1|(n−i)/(n−i+1) sgn(zi − vi−1) + zi+1,
i = 0, . . . , n − 1

żn = −λnsgn(zn − vn−1)

Input: v−1 = e0(t) Outputs:

zi and vi−1 → e
(i)
0 (t), i = 0, . . . , n

Differentiator Parameters: λi , i = 0, . . . , n
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1.3.1 Robust Exact Differentiator (RED)
II

Convergence in finite time

Necessary Condition: e
(n)
0 (t) 7→ Lipschitz constant Cn+1

If λi are properly chosen, then:

z0 = e0(t), zi = vi−1 = e
(i)
0 (t), i = 1, . . . , n

RED realization of L(s):

L(s) = γ0s
(n∗−1) + γ1s

(n∗−2) + · · ·+ γ(n∗−2)s + γ(n∗−1)

ē0 = L(s)e0 =

γ0e
(n∗−1)
0 + γ1e

(n∗−2)
0 + · · ·+ γn∗−2ė0 + γn∗−1e0

êr = γ0zn∗−1 + γ1z(n∗−2) + · · ·+ γn∗−2z1 + γn∗−1z0

Exact realization after a finite time (êr = ē0)
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1.4 Global output feedback exact tracking

VS-MRAC with lead filter compensation:

Approximated estimate of ē0 (estimation error of order τ)

Global stability

Residual tracking error

RED compensation

Exact estimate of ē0

Local stability

Asymptotic convergence of the tracking error
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1.4.1 GRED/VS-MRAC Control Scheme

The idea is to combine both compensators

Convex combination

êg = α(ẽrl)êl(t) + [1− α(ẽrl)] êr (t)
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1.4.2 Switching Function I

Objective:

Preserve global stability property
Ensure the full error converges to zero

what is proposed:

Select the compensator using the difference between their
estimations
Make the control structure similar to the LF/VS-MRAC
structure
Ensure that after a transient process only the RED will
remain active

The switching function is defined as a boundary layer based on
ẽrl
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1.4.2 Switching Function II

where:

ẽrl = êr − êl = εr − εl
êr is the estimation of ē0 given by the RED
êl is the estimation of ē0 given by the lead filter
εM = τKR
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1.4.3 GRED/VS-MRAC analysis representation

Equivalent Representation

Error Equation: ē0 = k∗M(s)L(s)[u + Ū]

Control Signal: u = −f (t)sgn(ē0 + ε)

Output Estimation Error: ε = α(ẽrl)εl + [1− α(ẽrl)] εr
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1.5 Convergence of the GRED/VS-MRAC I

After a finite time êr (t) = ē0(t)

KR is chosen such that εM > εl(t) + c , ∀t ≥ T1

Since α(ẽrl) =





0, for |ẽrl | < εM − c
|ẽrl |−εM+c

c , for εM−c≤|ẽrl |<εM
1, for |ẽrl | ≥ εM

Hence α(ẽrl) = 0,∀t ≥ T2

Therefore ε = 0 and the error state converges to zero.
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1.5 Convergence of the GRED/VS-MRAC II

The ISpS property

The key property to demonstrate formally the stability and
convergence of the hybrid scheme is as follows

The system with the causal lead compensator La(s) is
Input to State practical Stability (ISpS) w.r.t. the a small
bounded disturbance βα = O(τ) at the output of the
compensator (see Sec. 1.4)

Then, with La(s) alone, the system state ultimately tends
to a small compact set of order O(τ).
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1.6 Simulation Results I

Plant: Gp(s) = 1
(µs+1)

[
1

(s+2)(s+1)(s−1)

]
, with µ = 0.125

Model: M(s) = 4
(s+2)3

Input Signal: r(t) = sin(0.5t)

Input disturbance: de(t) = sqw(5t)

L(s) Operator: L(s) = (s + 2)2
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1.6 Simulation Results II

RED: λ0 = 3C
1/3
3 , λ1 = 1.5C

1/2
3 , λ2 = 1.1C3, C3 = 250

Lead Filter: F (τs) = (0.01s + 1)2

Initial Conditions: yp(0)=0, ẏp(0)=2, ÿp(0)=4
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1.6.1 Plant n∗ = 3 + unmodeled dynamics I

Tracking error e0(t)

(a) LF/VS-MRAC: (Lead Filter Compensator only)

(b) GRED/VS-MRAC (εM = 400τ e c = 50τ)
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1.6.1 Plant n∗ = 3 + unmodeled dynamics II

Weighted Switching Function
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1.7 Experimental Results I

GRED/VS-MRAC applied to a servomechanism (SRV-02)
of angular positioning built by Quanser Consulting.

Objective: show that the arm can follow a reference signal
without significant chattering

Servomechanism Nominal Model:
Gp(s) = θ(s)

V (s) = 80
s( 1

38
s+1)

Control Signal:

Modulation Function: f = 5 (Maximum input voltage)
Boundary Layer (∆)

23 / 164



VSS Summer
Course-2019

Liu Hsu

GRED/VS-MRAC
analysis
representation

Convergence of the
GRED/VS-MRAC

Simulation Results

Plant n∗ = 3 with
unmodeled
dynamics

Experimental Results

Experimental
Results: Case 1

Experimental
Results: Case 2

Conclusions

Global OF
tracking for
multivariable
systems

Introduction

Uncertain MIMO LTI
plants

Reference Model

UVC with HGO
based GRED

Switching Law for
HGO-GRED-UVC

hideallsubsections

1.7.1 Experimental Results: Case 1 I

Objective: illustrate the transient behaviour of the
GRED/VS-MRAC

Reference signal: r(t) = 50sin(5t)

Initial Conditions: yp(0) = 180; ẏp(0) = 0

Model: M(s) = 400
(s+20)2

L(s) Operator: L(s) = (s + 2)

Lead Filter: F (τs) = (0.04s + 1)2

RED: C2 = 20, λ0 = 1.5
√
C2, λ1 = 1.1C2

Boundary Layer: ∆ = 20;

weighted switching function: εM = 30, c = 20.
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1.7.1 Experimental Results: Case 1 II

(a) Tracking error e0(t) in degrees

(b) Zoom of e0(t)
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1.7.1 Experimental Results: Case 1 III

(a) Time behavior of α(ẽrl)

(b) Control signal u(t)
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1.7.1 Experimental Results: Case 1 IV

Objective: Comparison between the LF/VS-MRAC and
GRED/VS-MRAC

Methodology:

Compare both controllers using the same ∆ = 15
(t ∈ [0, 10])
Compare both controllers for the same level of chattering

the boundary layer of the LF/VS-MRAC is adjusted
LF/VS-MRAC → ∆ = 25 (t ∈ (10, 20])

Design Parameters:

Reference signal: r(t) = 70sin(8t)
RED: λ0 = 5, λ1 = 50
Other design parameters are as in Case 1
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1.7.2 Experimental Results: Case 2

Tracking error e0(t)

(a) LF/VS-MRAC (t∈ [0, 10]→ ∆ = 15,
t∈(10, 20]→ ∆ = 25)

(b) GRED/VS-MRAC (∆ = 15)

Control signal u(t):

(a) LF/VS-MRAC (t∈ [0, 10]→ ∆ = 15,
t∈(10, 20]→ ∆ = 25)

(b) GRED/VS-MRAC (∆ = 15)
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1.8 Conclusions

Theoretical analysis for uncertain plants of arbitrary
relative degree was developed
[Nunes et al.(2009)Nunes, Hsu, and Lizarralde]

The full error system is globally exponential stable with
respect to a residual set;

After a finite time the estimation of compensated output
error ē0 is given exclusively by the RED;

The full error state converges asymptoticly to zero;

Simulation and Experimental results validate the analysis
and illustrate the applicability of the hybrid scheme in real
conditions
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The players

(Nunes, Lizarralde, Cunha, Oliveira and Jacoud (circa 2010))
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2. Global OF tracking for multivariable systems
I

GRED/VS-MRAC analysis representation
Plant n∗ = 3 with unmodeled dynamics
Experimental Results: Case 1

2 Global OF tracking for multivariable systems
Introduction
Uncertain MIMO LTI plants

Reference Model

UVC with HGO based GRED
Switching Law for HGO-GRED-UVC
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2.1 Introduction I

This section: motivated by the stronger robustness of
HGOs w.r.t. unmodeled dynamics, as compared to the
ordinary linear lead filters used in a previous work (GRED)
⇒ HGO

Uncertain MIMO linear systems with non-uniform arbitrary
relative degree

Combine through a switching law:
MIMO HGO

Locally exact nonlinear MIMO differentiator (MIMO RED)

Main Objectives:
Exact tracking using only output feedback

Global stability and convergence properties

Main idea: Switching Adaptation to select between a
MIMO HGO and the MIMO RED
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2.2 Uncertain MIMO LTI plants

Uncertain MIMO LTI plant with m inputs and m outputs

ẋp = Apxp + Bp[u + d ] , yp = Hpxp

Assumptions:

Known non-uniform arbitrary relative degree {ρ1, . . . , ρm}
The high frequency gain (HFG) matrix Kp is nonsingular

A matrix Sp is known such that −KpSp is diagonally stable:
∃D > 0 (diagonal) such that D(KpSp)+(KpSp)TD>0

the uncertain disturbance d(x , t) is assumed bounded by
|d(x , t)| ≤ kx |x |+ kd , where kx , kd ≥ 0 are known scalars.
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2.2.1 Reference Model

Reference Model: yM = WM(s)r

WM(s)=diag
{

(s+γ1)−1, . . . , (s+γm)−1
}
L−1(s), γj > 0

L(s) = diag{L1(s), . . . , Lm(s)}

Li (s)=s(ρi−1) + l
[i ]
ρi−2s

(ρi−2) + · · ·+ l
[i ]
1 s + l

[i ]
0
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Arbitrary Vector Relative Degree

Systems with non-uniform arbitrary vector relative degree
{ρ1, . . . , ρm}
Main Idea: use an operator L(s) to generate an ideal
sliding variable σ with uniform vector relative degree one

σ = L(s)e =




e
(ρ1−1)
1 + · · ·+ l

[1]
1 ė1 + l

[1]
0 e1

...

e
(ρm−1)
m + · · ·+ l

[m]
1 ėm + l

[m]
0 em


 .

σ = L(s)WM(s)Kp

[
u − Ū

]
.

L(s)WM(s) = diag
{

(s+γ1)−1, . . . , (s+γm)−1
}
, γj > 0 .
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Ideal Lead compensator for UVC

Close the control loop with a modulated UVC based on
the ideal sliding variable σ: u = −%(t)Sp

σ
|σ| ,

Global Output Feedback Tracking by Switching Adaptation.

UNIT VECTOR CONTROL DESIGN

Standard Unit Vector Control Design

Arbitrary Vector Relative Degree
◮ Close the control loop with a modulated UVC based on the

ideal sliding variable σ: u = −̺(t)Sp
σ
|σ| ,

UVC

WM(s)

L(s)

̺(t)

Plant

Model
yMr

yp e σu ̺(t)Sp
σ
|σ|Gp(s)

d

−1

−
+

+
+

◮ However, σ is not directly available to implement u

Global Output Feedback Tracking by Switching Adaptation. RASM April 9-11, 2015, Istanbul

However, σ is not directly available to implement u
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UVC with GRED based on MIMO lead filter

Use a MIMO lead filter

σ̂l = La(s)e, La(s) = L(s)F−1(τs), F (τs)=diag{(τs+1)ρj−1}

combined with MIMO RED to obtain an estimate of σ
[Nunes et al.(2014)Nunes, Peixoto, Oliveira, and Hsu]

The error system is globally practically stable and is ISpS
w.r.t a bounded disturbance at the output of the lead filter

Global exponential stability and finite time convergence of
the sliding vector can be proved.

Caveat: Unmodeled dynamics of the plant destroy ideal
sliding mode loop: chattering prone
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2.3 Unit Vector Control with HGO based GRED

Use MIMO HGO/RED to obtain an estimate of σ (Hsu,
Nunes, Oliveira and Peixoto 2015 (RASM))

Global Output Feedback Tracking by Switching Adaptation.

UNIT VECTOR CONTROL DESIGN

Unit Vector Control using MIMO HGO

UVC with MIMO HGO [IFAC-2011]

◮ Use MIMO HGO to obtain an estimate of σ

HGO

RED ×

×
Model

r

̺(t)

(θnom)Tω

SFPlant

ym

y e

σ̂h

σ̂r

σ̂g

Hybrid Estimation Scheme

u −̺Sp
σ̂g

|σ̂g|
ν̃rh

α

1−α

d(x, t)

−−

+

+

+

+

+

+

+
+

◮ An ideal sliding mode loop can be preserved with
unmodeled dynamics → chattering avoidance

Global Output Feedback Tracking by Switching Adaptation. RASM April 9-11, 2015, Istanbul

An ideal sliding mode loop can be preserved with
unmodeled dynamics → chattering avoidance
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UVC using a MIMO HGO: Advantages

Ideal Sliding Loop around the discontinuous function preserved
in spite of unmodelled dynamics. Chattering alleviation is thus
expected.

HGO structure allows a more natural extension to nonlinear
plants (nonlinearities depending on unmeasured states)

The error system is globally practically stable and is ISpS w.r.t a
bounded disturbance in the output σ̂h

In spite of the high-gain observer, global stability is guaranteed
with a peaking free control signal.
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2.3.1 Switching Law for HGO-GRED-UVC

Very similar to the SISO case. The key property is the HGO
compesator leadinding to ISpS property w.r.t. to HGO output
disturbance. The properties and strategies below ensue.

Main Idea:

Globally drive the error state into a compact set DR where
the convergence of the MIMO RED can be guaranteed

Ensure that ultimately only the MIMO RED is used

Problem: it is not possible to know when the error state enters
the set DR (the error state is not available)

Solution:

Select the estimator using the difference between their
estimations

Make the Hybrid Estimator equivalent to the MIMO HGO
plus a bounded disturbance εM
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2.4 Simulation Results I

Consider a nonlinear plant with non-uniform relative
degree (ρ1 =2, ρ2 =3) described by

G (s)=

[
κ(s+2)

(s−1)(s+1)(s+3)
κ

(s+1)(s+2)
1

(s−1)(s+1)(s+3)2
1

(s+1)(s+2)(s+3)

]
,

where constant κ∈ [4, 10] is uncertain and Kp =

[
κ κ
0 1

]
is

the HFG matrix.

disturbance
d(x)=

[
0.2 cos(t) sin(x2 x3)|x4| 1

2π

(
e−|x5||x1|+ |x2|

)]T
.

[Emelyanov et. al. 1992].
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Plant and Reference Model

The reference signal and model are chosen as
r =[sin(t) sin(0.5t)] and

Wm(s) = diag
{

1
(s+1)2 ,

1
(s+1)2(s+2)

}

Relative Degree: ρ1 =2, ρ2 = 3

HFG: Kp =

[
κ κ
0 1

]

Model:

yM = WM(s)r , WM(s) =

[
1

(s+1)2 0

0 1
(s+1)2(s+2)

]

Reference Signal r(t) = [sin(t) sin(0.5t)]
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Tracking Performance and Switching Function

Results

Global Output Feedback Tracking by Switching Adaptation.

GLOBAL EXACT TRACKING BASED on SWITCHING ADAPTATION

Simulation Results

Tracking Performance and Switching Function
◮ Results
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(a
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(b
)

(c
)

Time (s)

Fig. 2. (a) Tracking performance: y (—) and ym (- -); (b) Time behavior of switching
function (SF) α(·); (c) Zoom of tracking errors e(t)

Global Output Feedback Tracking by Switching Adaptation. RASM April 9-11, 2015, Istanbul
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Unmodeled dynamics and high frequency noise
effects

Unmodeled dynamics of actuator with transfer matrix
given by

Ga(s)=

[
1

µs+1 0

0 1
µs+1

]
, µ = 0.1 (1)

Noise: output is corrupted by a high frequency
measurement noise, i.e.,

ynoise(t) =

[
y1(t) + 0.01 sin(200t)
y2(t) + 0.01 cos(200t)

]
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Results with unmodeled dynamics and output noise

Global Output Feedback Tracking by Switching Adaptation.

GLOBAL EXACT TRACKING BASED on SWITCHING ADAPTATION

Simulation Results

Results with unmodeled dynamics and output noise
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(a
)

(b
)

(c
)

Time (s)

Fig. 3. (a) Tracking with unmodeled dynamics and noise: y (—) and ym (- -); (b) Time
behavior of switching function (SF) α(·); (c) Zoom of tracking errors e(t)

Global Output Feedback Tracking by Switching Adaptation. RASM April 9-11, 2015, Istanbul
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2.5 Conclusions

An output-feedback sliding mode exact tracking controller
based on a hybrid estimator was described for uncertain
MIMO systems with non-uniform arbitrary relative degree

A class of nonlinear state-dependent disturbance was
allowed.

The MIMO hybrid estimation scheme combines:

Locally exact differentiator MIMO RED

MIMO HGO that provides global practical stability
properties

MIMO GRED based UVC:

Asymptotic exact tracking is proved

Robustness to unmodeled dynamics and output noise is
verified.
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The players

(Nunes, Lizarralde, Cunha, Oliveira and Jacoud (circa 2010))
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3. Monitoring function based adaptive SMC for
UCD I

3 Monitoring function based SMC for Unknown Control
Direction (UCD)

Preliminaries
Relative degree one
Arbitrary relative degree
Simulation and experiments
Multivariable and Nonlinear systems
Conclusions
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3.1 Introduction

Model Reference Robust Control (MRRC):

Nonlinear systems / Relative degree one
L. Yan and J. Xu, 2004

Sliding Mode Control (SMC):

Uncertain nonlinear systems / state feedback
S. Drakunov, 1993

First order nonlinear systems
G. Bartolini, A. Ferrara and L. Giacomini 2003

Uncertain linear systems / relative degree one
L. Yan, L. Hsu, R.R. Costa and F. Lizarralde, 2003
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Problem Statement I

Uncertain nonlinear SISO plant:

y = Gp(s)[u + de(y , t)] = kp
Np(s)

Dp(s)
[u + de(y , t)]

Assumptions on the plant:

(A1) Standard MRAC Assumptions for Gp(s)

(A2) Gp(s) → known relative degree n∗

(A3) The sign of kp 6= 0 (HFG) is unknown
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Problem Statement II

(A4) de : locally Lipschitz (y) & piecewise continuous (t)

|de(y , t)| ≤ d̄e(y , t) ≤ Ψ(|y |) + kΨ , ∀(y , t) ,

where Ψ ∈ K∞ and kΨ > 0 is a constant

Finite-time escape is not precluded → t ∈ [0, tM)

Reference Model (of order n∗)

ym = M(s)r =
km

Dm(s)
r

r(t): piecewise continuous & uniformly bounded

Control objective:

Global or semi-global stability
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Problem Statement III

Asymptotic convergence of output error

e0(t) := y(t)− ym(t)

to zero as t →∞ (exact tracking)

Output error equation: e0 = k∗M(s)[u − u∗]
k∗ = kp/km
u∗(t) := θ∗Tω(t)−Wd(s) ∗ de(t)
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3.2 Relative degree one I

Control Scheme (n∗ = 1)

Relative Degree One

Control Scheme (n∗ = 1)

VSS-2006 – p.12/29
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3.2 Relative degree one II

Control Law (n∗ = 1)

u =

{
u+ = −f (t) sgn(e0) , t ∈ T+ ,

u− = f (t) sgn(e0) , t ∈ T−

f → Modulation function

T+ and T− have the form [tk , tk+1) ∪ · · · ∪ [tj , tj+1)

tk or tj denotes the switching time for u

For simplicity M(s) = km
(s+am) (am, km > 0)
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3.2 Relative degree one III

An upper bound for the output error e0

Comparison Theorem

|e0(t)| ≤ e−am(t−t̄0)|e0(t̄0)|+ c0e
−δ0t

where c0, δ0 > 0 are unknown and t̄0→ initial time

Monitoring Function (n∗ = 1)

ϕk(t) = e−am(t−tk )|e0(tk)|+ (k + 1)e−
t

k+1

t ∈ [tk , tk+1), t0 := 0, (k = 0, 1, . . .)
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3.2 Relative degree one IV

The switching time tk for u

tk+1 =

{
min{t > tk : |e0(t)| = ϕk(t)}, if it exists ,

tM , otherwise

Relative Degree One

The switching time tk for u

tk+1 =

{
min{t > tk : |e0(t)| = ϕk(t)}, if it exists ,
tM , otherwise

VSS-2006 – p.14/29
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3.2 Relative degree one V

Stability Results

Theorem 1 and Corollary 1

1 The complete error state and the tracking error e0 will
converge to zero at least exponentially

2 The control direction switching stops at a correct sign

[Reverse Dynamics Argument]
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3.3 Arbitrary relative degree I

Control Scheme (n∗ > 1)

Arbitrary Relative Degree

Control Scheme (n∗ > 1)

+1

−1

+
+ +

−

GRED

L/F

Relay

M

f

Plant

Model

ymr

y e0u
Gp

de

Lred

ϕm

α

ε̃0

ε0

ε̄0

VSS-2006 – p.18/29
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3.3 Arbitrary relative degree II

Control Law (n∗ > 1)

u =

{
u+ = −f (t) sgn(ε̃0) , t ∈ T+ ,

u− = f (t) sgn(ε̃0) , t ∈ T−
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3.3 Arbitrary relative degree III

GRED ε̃0 =(1−α)ε̄0+αε0 [Convex Combination]

α(ẽ) =

{
0, |ε̄0−ε0| < τkR (RED) ,
1, |ε̄0−ε0| ≥ τkR (Lead) ,

where kR > 0 is a design constant
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3.3 Arbitrary relative degree IV

Equivalent structure for the nonlinear hybrid filter

ε̃0 =ε0+βα

where βα = τkR is O(τ)

Arbitrary Relative Degree

Equivalent structure for the nonlinear hybrid filter

ε̃0=ε0+βα

where βα = τkR is O(τ)

L/F

+
+

GRED

L/F

GRED

e0 e0

Lred

βα

α

ε̃0 ε̃0

ε0
ε0

ε̄0

In order to simplify the analysis: ε̃0=ε0 (α = 1)

Hsu L., Oliveira T.R., Peixoto A.J. - VSS - 2006 - p.20/33

In order to simplify the analysis: ε̃0 =ε0 (α = 1)
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3.3 Arbitrary relative degree V

Auxiliary error ε0 =k∗ML [u − u∗]+βU + e0
F

Difficulties:

1 DisturbanceβU := k∗ML(s) [1− F (τs)]F−1(τs) ∗ (u − u∗)
2 Decaying peaking term: |e0

F | ≤ Ra

τN e
−λat

Ra depends on IC’s only (τ -independent)

Solutions:

1 |βU (t)| ≤ β̄U (t) = τWβ(s) ∗ f (t) ⇒ (τWβ is a FOAF)
2 Decaying peaking term: |e0

F | ≤ Rae
−λa(t−te(τ))

⇒ te(τ) is the peak extinction time
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3.3 Arbitrary relative degree VI

Lemma 1: An upper bound for ε0 (sgn(kp) correct)

|ε0(t)| ≤ (|ε0(tk)|+ |βU (tk)|)e−am(t−tk )

+(2Rae
λ̄a t̄e )e−λ̄at + 2‖(βU )t,t̄e‖

Monitoring Function (n∗ > 1)

ϕk(t) :=(|ε0(tk)|+ |β̄U (tk)|)e−am(t−tk )

+a(k)e−λc t + 2‖(β̄U )t‖

a(k) > 0 is any unbounded monotonically increasing
sequence
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3.3 Arbitrary relative degree VII

The switching time tk for u

tk+1 =

{
min{t > tk : |ε̃0(t)| = ϕk(t)}, if it exists ,

tM , otherwise

where k≥1, t0 :=0, t1 := t̄e and ϕ0(t)=0, ∀t∈ [t0, t1)

Arbitrary Relative Degree

The switching time tk for u

tk+1 =

{
min{t > tk : |ε̃0(t)| = ϕk(t)}, if it exists ,
tM , otherwise

where k≥1, t0 :=0, t1 := t̄e and ϕ0(t)=0, ∀t∈ [t0, t1)

Hsu L., Oliveira T.R., Peixoto A.J. - VSS - 2006 - p.23/33

64 / 164



VSS Summer
Course-2019

Liu Hsu

Simulation Results

Conclusions

Monitoring
function based
SMC for UCD

Preliminaries

Relative degree one

Arbitrary relative
degree

Simulation and
experiments

Multivariable and
Nonlinear systems

Conclusions

hideallsubsections

3.3 Arbitrary relative degree VIII

Stability Results zT := [XT
e , xf ]

Proposition 2 The complete error system is bounded by

|z(t)|≤kz0|z(0)|+ka

k∑

i=1

a(i)+O(τ)

∀t ∈ [0, tM) where kz0, ka are positive constants.
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3.3 Arbitrary relative degree IX

Theorem 2

1 The control sign switching stops

2 Semi-GAS (or GAS) - compact set

3 Ultimately exponential convergence O(τ)
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3.3 Arbitrary relative degree X

Chattering Avoidance and Exact Tracking

Levant’s RED algorithm (ηi (t)→e
(i)
0 (t), i =0, 1, 2):

η̇0 = v0,

v0 = −λ0 |η0−e0|
2
3 sgn(η0−e0)+η1,

η̇1 = v1,

v1 = −λ1 |η1−v0|
1
2 sgn(η1−v0)+η2,

η̇2 = −λ2sgn(η2−v1)
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3.3 Arbitrary relative degree XI

Corollary 2 With the nonlinear hybrid filter:

1 Theorem 2 holds

2 Exact tracking is achieved (finite time or exp.)

3 Switchings stops at the correct sign
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3.4 Simulation and experiments I

n∗=1 case: Gp(s)= s+1
(s+2)(s−1)

Table: Controller Parameters

IC’s y(0)=10, ẏ(0)=2

Model M(s) = 2
(s+2)

, r(t) = sin (t)

Disturbance de(y , t) = y 2 + sqw(5t)

Monitor a(k) = k + 1, am = 2, b(k) = 1
k+1
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3.4 Simulation and experiments II

n∗=1 case: tracking error e0, monitoring function ϕk and
control signal u

Simulations Results

n∗=1 case: tracking error e0, monitoring function ϕk

and control signal u
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Hsu L., Oliveira T.R., Peixoto A.J. - VSS - 2006 - p.28/33
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3.4 Simulation and experiments III

n∗>1 case: Gp(s)= 1
(s+2)(s+1)(s−1) (n∗=3)

Table: Controller Parameters

IC’s y(0)=10, ẏ(0)=10, ÿ(0)=10

Model M(s) = 4
(s+2)3 , r(t) = sin (t)

Disturbance de(y , t) = y 2 + sqw(5t)

Monitor a(k) = k + 1, am = 2, λc = 1, t1 = t̄e = 0.1s

Lead L
F

= (s+2)2

(τs+1)2 , τ = 10−3

RED λ0 = 3C
1
3

3 , λ1 = 1.5C
1
2

3 , λ2 = 1.1C3, C3 = 250, kR = 600
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3.4 Simulation and experiments IV

n∗>1 case: auxiliary error ε0, monitoring function ϕk ,
switching law α and tracking error e0

Simulations Results

n∗>1 case: auxiliary error ε0, monitoring function ϕk,
switching law α and tracking error e0
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3.4 Simulation and experiments V

Experiments

Experimental results were made with a DC motor position
control (n∗ = 2) (Peixoto et al CDC2006)

They confirm the efficacy of the monitoring function
approach

The ultimate RED compensator was verified to RED-lead
to less chattering in the control signal than the linear-Lead.
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3.5 Multivariable and Nonlinear systems I

The monitoring function can be extended to classes of
multivariable nonlinear systems.

(ACC2007, NY): nonlinear systems-linearly bounded in
unmeasured states, MIMO, decaying monitoring function,
unknown control direction(UCD);

(Peixoto, Leite, Oliveira and Hsu ACC2009, St Louis):
MIMO nonlinear systems general normal form, norm
observer, experimental results with Zebra-0 visual servoing,
UCD;

MIMO experimental results, visual servoing
[Oliveira, Leite, Peixoto and Hsu(2014)].
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3.5 Multivariable and Nonlinear systems II

Classes of NL and MIMO systems considered

Class 1 - NL-SISO (Oliveira-Peixoto-Hsu ACC2007)

ẋp = Ap + φ(xp, t) + Bpu , y = Cpxp , (2)

where,

fp(xp, t)=Apxp+φ(xp, t), xp∈ IRn is the state, u∈ IR is the
control input, y ∈ IR is the measured output
φ : IRn×IR+→ IRn is regarded as uncertain state
dependent, possibly unmatched.
φ satisfies |φ(xp, t)|≤kx |xp|+ϕ(y , t), ∀xp, t and
ϕ(y , t)≤Ψϕ(|y |)+kϕ, where Ψϕ∈K∞ and kϕ>0 is
constant.
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3.5 Multivariable and Nonlinear systems III

Class 2 - NL MIMO (Oliveira-Peixoto-Leite-Hsu ACC2009)

η̇ = φ0(η, y , t) , (3)

ẏ = Kpu + φ1(η, y , t) , (4)

where u ∈ IRm is the control input, y ∈ IRm is considered
as the measured output and the states η ∈ IRn−m of the
η-subsystem, referred to as an “inverse system”, are not
assumed to be measurable.
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3.5 Multivariable and Nonlinear systems IV

Techiques for dealing with nonlinear uncertainties

The use of norm-observers base on FOAF’s is instrumental.

The unmeasured state can be norm bounded by the
norm-observers in Class 1 and in Class 2.
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3.5 Multivariable and Nonlinear systems V

Example: in Class 1 |xp(t)| can be bounded as follows.
One has |xp(t)|≤ x̂p(t)+π̂(t), where

x̂p(t) =
1

s + λx
[c1ϕ(y , t) + c2|ω(t)|] , (5)

with c1, c2, λx>0 The exponentially decaying term π̂
accounts for initial conditions, see [24].
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3.5 Multivariable and Nonlinear systems VI

Class 2, such norm observer requires an ISS property for
the inverse system (zero-dynamics) (3) w.r.t. y .
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3.5 Multivariable and Nonlinear systems VII

Switching Strategy for MIMO systems

In the scalar case the switching is simply betweem +1 and
−1. Very simple!

What if we have a matrix gain Kp?

Strategy: Kp (nonsingular) should be transformed to a
anti-Hurwitz matrix by premultiplying the control vector
by some matrix S̄ such that −KpS̄ becomes Hurwitz
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3.5 Multivariable and Nonlinear systems VIII

We then assume there exists a finite index set Q of known
matrices Sq ∈ IRm×m such that −KpSq is Hurwitz for
some q∈Q.

The multivariable switching scheme is realized by cycling
through the elements of the finite index set Q [?] so that
stability and the tracking objective are achieved
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3.5 Multivariable and Nonlinear systems IX

Example: Robotics uncalibrated visual servoing

(MIMO) Consider a visual servoing system (n∗=1) for a robot
manipulator [?]. Neglecting the robot dynamics (kinematic robot),
the end-effector (target) motion in the camera image coordinate
system is modelled by:

ẏ(t)=Kp[u + φ] , Kp =

[
h1 0
0 h2

] [
cos(ψ) sin(ψ)
− sin(ψ) cos(ψ)

]

where y(t)∈ IR2 denotes the end-effector position vector in the
camera space, ψ represents the rotation angle of the camera
framework with respect to the task-space framework and
hi>0 (i =1, 2) are uncertain scaling factors, belonging to a known
compact set.
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3.5 Multivariable and Nonlinear systems X

Note that Kp is nonsingular. We have included an input disturbance
φ(y)=y2 satisfying (A3) (with kx =0), in order to illustrate the
disturbance rejection property of the proposed scheme.
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3.5 Multivariable and Nonlinear systems XI

The desired dynamics and target position trajectory in the camera
space is defined by the reference model:

ẏm(t)=−ym(t)+r , ym, r ∈ IR2 .

The error dynamics e0 =y−ym is given by

ė0(t) = −e0(t) + Kp(u − u∗) , (6)

where u∗=−φ(y)− K−1
p (y−r).

The finite set of matrices Sq, q ∈ Q={0, 1, 2, 3} is chosen as:

S0=

[
−1 0

0 −1

]
,S1=

[
1 0
0 1

]
,S2=

[
0 −1
1 0

]
,S3=

[
0 1
−1 0

]
.
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3.5 Multivariable and Nonlinear systems XII

For any ψ, −KpSq is Hurwitz for some Sq. So, the usual restriction
|ψ|<90o [?] can be removed. Here, the plant initial conditions and
reference signals are y1(0)=y2(0)=0, r1(t)=2 cos (t) and
r2(t)=2 sin (t), h1 =h2 =1 and ψ=90o .
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3.5 Multivariable and Nonlinear systems XIII

Experimental setup

ϕ λ
k p k

t t a k
t

nt c e t e a k e cm k( ) ( ) ( ) ,( ) ( )= + +− −
− 1

only practical tracking can be assured with respect to a
residual set of order O( )cn if the monitoring function
switching stops. Nevertheless, such a redesigned scheme
becomes more efficient since it avoids the switchings having
to be restarted after the correct gain matrix has already been
identified and practical convergence obtained. Consequently,
the switching process lasts at most one cycle less throughout
the indexed set Q .

VII. EXPERIMENTAL RESULTS

This section describes the experimental setup and dis-
cusses the obtained test results, which illustrate the perfor-
mance of the proposed control scheme in a real scenario, in
the presence of parametric uncertainties, unmodeled robot
dynamics, and nonlinearities (e.g., backlash and friction). As
a remarkable feature, we will show that an arbitrary camera
misalignment angle is allowed during the experiments.

7.1 Experimental setup

The proposed controller was implemented on a 6-DoF
(six Degrees of Freedom) Zebra Zero robot manipulator
(Integrated Motions, Inc., Berkeley, CA, USA) performing
planar motions on a vertical plane. Thus, the robot base and
the end-effector orientation were kept constant during the
experiment and only the shoulder and elbow joints were
rotated. Due to the robot’s large gear ratios and a high gain
velocity control loop [49], the effects of robot dynamics were
considered negligible in the control design; thus, a purely
kinematic approach was adopted. The robot task involved the
visual tracking of a reference trajectory from a target feature
fixed on the robot wrist. A KP-D50 CCD camera (Hitachi,
Ltd., Tokyo, Japan) with a lens of focal length f0 = 6 mm and
scaling factors α1 = 119 pixel mm−1 and α2 = 102 pixel mm−1

was mounted on the floor in front of the Zebra Zero. Fig. 4
shows the camera point-of-view corresponding approxi-
mately to the orientation ψ ≈ 0 rad.

The average depth from the image plane to the vertical
plane in the robot workspace was z0 = 1 m. The extracted visual
features are the centroid coordinates of the image of a red
sphere fixed on the robot wrist.The images with 640 × 480 pixel
were acquired using a Meteor frame-grabber (Matrox, Ltd.,
Dorval, Quebec, Canada) at 30 frames per second (FPS).

The visual servo controller was coded in C language
and executed in 35 ms on a 200 MHz Pentium Pro processor
with 64 Mbyte RAM. The joint velocity command generated
by the visual servoing control law fed the Zebra Zero ISA
board, which closed a velocity loop using an HCTL1100
micro-controller (HP Inc.) working in proportional velocity
mode with 0.52 ms sampling time.

The image processing in RGB format was performed
on a sub-window of 100 × 100 pixel. The first estimation of
the centroid coordinates was performed offline using an ad
hoc Graphical User Interface developed in Tcl/Tk language
[50], as shown in Fig. 4. During the task execution, the
feature was computed using the image moments algorithm
[51]. Due to noise sensitivity, the proportional gain in the
velocity loop could not be made high enough to eliminate the
steady state error [49] due to gravity effects acting in joints 2
and 3 (shoulder and elbow). The gravity disturbance was
identified offline using a least squares method and was effec-
tively canceled [52].

7.2 Test results

The experimental tests were performed without previ-
ous calibration of the camera parameters. The desired trajec-
tory ym was a circle generated by the model (11), with
γ1 = γ2 = 1 and rT = [r1 r2] with

r y R tr1 1 0 1= + −( ) [ cos( )],ω (26)

r y R tr2 2 0= +( ) [sin( )],ω (27)

where yT(0) = [y1(0) y2(0)] is the initial position of the
centroid coordinates in the image frame, and where R and ωr

determine the radius and the angular velocity of the reference
trajectory, respectively. The robot manipulator should then
perform the tracking of a circular trajectory specified by

R = 40 pixel and ω π
r = −

5
1rad s . The initial position of the

centroid was y1(0) = 330 pixel, y2(0) = 275 pixel and the
camera orientation intentionally was changed to different
values by software, without modifying the controller, in order
to verify the effectiveness of the adaptation scheme.

Fig. 4. Experimental station.

759T. R. Oliveira et al.: Overcoming Limitations of Uncalibrated Robotics Visual Servoing

© 2014 Chinese Automatic Control Society and Wiley Publishing Asia Pty Ltd
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3.5 Multivariable and Nonlinear systems XIV

Monitoring function, error and switchings

The monitoring function φm was obtained from (21)–
(22) with a(k) = k + 1 and cp = 2. In addition, a constant
cn = 15 pixel was added to φm to reduce spurious modifica-
tions in the control direction estimate due to the measurement
noise. It is known that the measurement noise and the low
sampling rate of the CCD camera can cause control chatter-
ing, which can be alleviated by use of a boundary layer in the
UVC law [22,23], resulting in a continuous control signal
with finite torques. The modulation function ρ in (20) was
implemented in order to satisfy (25) and to deal with possible
unknown disturbances (see A4) present in the experiments.
Since no output-dependent disturbance was considered, φ(|y|)
was set to zero. All tests were done to avoid the manipulator
Jacobian singularities in (3).

Fig. 5 shows the time history of the monitoring function
φm and the error norm |e|. The experimental test was per-
formed with ψ ≈ π rad, while the nominal value was assumed
to be ψ ≈ π/2 rad. Thus, we had a very large mismatch from
the “nominal” orientation. For the nominal orientation, the
correct matrix pre-compensator would be S0, so this was the
initial pre-compensator applied to the controller. Therefore, it
would be necessary to accomplish three switchings to reach
the correct matrix S3 (for ψ = π rad) and guarantee stable
model following. Nevertheless, in order to test the cyclic
switching and the robustness of the proposed scheme under a
time-varying control direction, the camera misalignment
angle was set to ψ ≈ π/2 rad in the last portion of the experi-
ment, before the third switching. Note that, at the fourth
switching (4th SW), the correct matrix S0 (for ψ = π/2 rad)
was selected again (−KpS0 is Hurwitz) and |e| vanishes
thereafter.

Fig. 6 describes the time history of the image error e
and the control signal u, respectively. Note that, in spite of the

transient behavior, the asymptotic convergence of error to a
small residual set about 5 pixel was achieved after t = 60 s.
The residual set was relatively small and perfectly compatible
with the practical performance expected from a SMC under a
realistic scenario where measurement noise, numerical
discretization, and boundary layer relay approximation are
present. The trajectory tracking is illustrated in Fig. 7, where
it is possible to verify that, after the fourth switching, a
remarkable performance was achieved.

VIII. CONCLUSION

A new sliding mode control strategy based on a switch-
ing scheme and monitoring function was developed to tackle

0 2 4 6 8 10 12 14 16 18 20
0

20

40

60

80

100

120

140
monitoring function and error norm

[s]

φ
m

| e | 

2nd SW

1st SW

3rd SW

4th SW

Fig. 5. Monitoring function (φm) and error norm (|e|).

0 10 20 30 40 50 60
−20

0

20

40

60

80
image error

[s]

[p
ix

el
]

e1

e2

0 10 20 30 40 50 60
−40

−20

0

20

40
control signal

[s]

[m
m

/s
]

u1

u2

Fig. 6. Image error (e) and control signal (u).

300 320 340 360 380 400 420 440
−340

−320

−300

−280

−260

−240

−220

[pixel]

[p
ix

el
]

trajectory tracking

y
ym

1st SW

3rd SW

2nd SW

4th SW

Fig. 7. Trajectory tracking in the image frame.

760 Asian Journal of Control, Vol. 16, No. 3, pp. 752–764, May 2014

© 2014 Chinese Automatic Control Society and Wiley Publishing Asia Pty Ltd

The monitoring function, |e0| and switchings are shown. Note that, at the 3rd

switching (k =k∗=3), the correct S3 matrix is selected (−KpS3 is Hurwitz).
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3.5 Multivariable and Nonlinear systems XV

Experimental visual tracking results

The monitoring function φm was obtained from (21)–
(22) with a(k) = k + 1 and cp = 2. In addition, a constant
cn = 15 pixel was added to φm to reduce spurious modifica-
tions in the control direction estimate due to the measurement
noise. It is known that the measurement noise and the low
sampling rate of the CCD camera can cause control chatter-
ing, which can be alleviated by use of a boundary layer in the
UVC law [22,23], resulting in a continuous control signal
with finite torques. The modulation function ρ in (20) was
implemented in order to satisfy (25) and to deal with possible
unknown disturbances (see A4) present in the experiments.
Since no output-dependent disturbance was considered, φ(|y|)
was set to zero. All tests were done to avoid the manipulator
Jacobian singularities in (3).

Fig. 5 shows the time history of the monitoring function
φm and the error norm |e|. The experimental test was per-
formed with ψ ≈ π rad, while the nominal value was assumed
to be ψ ≈ π/2 rad. Thus, we had a very large mismatch from
the “nominal” orientation. For the nominal orientation, the
correct matrix pre-compensator would be S0, so this was the
initial pre-compensator applied to the controller. Therefore, it
would be necessary to accomplish three switchings to reach
the correct matrix S3 (for ψ = π rad) and guarantee stable
model following. Nevertheless, in order to test the cyclic
switching and the robustness of the proposed scheme under a
time-varying control direction, the camera misalignment
angle was set to ψ ≈ π/2 rad in the last portion of the experi-
ment, before the third switching. Note that, at the fourth
switching (4th SW), the correct matrix S0 (for ψ = π/2 rad)
was selected again (−KpS0 is Hurwitz) and |e| vanishes
thereafter.

Fig. 6 describes the time history of the image error e
and the control signal u, respectively. Note that, in spite of the

transient behavior, the asymptotic convergence of error to a
small residual set about 5 pixel was achieved after t = 60 s.
The residual set was relatively small and perfectly compatible
with the practical performance expected from a SMC under a
realistic scenario where measurement noise, numerical
discretization, and boundary layer relay approximation are
present. The trajectory tracking is illustrated in Fig. 7, where
it is possible to verify that, after the fourth switching, a
remarkable performance was achieved.

VIII. CONCLUSION

A new sliding mode control strategy based on a switch-
ing scheme and monitoring function was developed to tackle
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The target trajectory is illustrated above, where one notices that the tracking is

achieved even for ψ=90o .
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3.6 Conclusions

A sliding mode output-feedback model-reference controller
for a class of uncertain nonlinear systems was proposed

Multivariable plants with unknown control direction and
arbitrary relative degree were covered:

A monitoring function → unknown control direction

Nonlinear hybrid filter

{
arbitrary relative degree

exact tracking

GAS or semi-GAS with respect to a compact set

Ideal sliding mode is reached in finite time.
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The players

(Cunha, Oliveira, Jacoud, Leite (circa 2010))
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4. Adaptive Sliding Mode Control via X-equivalent
control I

4 Adaptive SMC via X-equivalent control
Preliminaries
Extended Equivalent Control
Plant description
Assumptions on the disturbance
Sliding Mode Control
Conclusions
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4.1 Introduction I

Sliding mode control (SMC) is robust to disturbances.

Caveats:

Bounds for disturbances must be known;

Overestimating disturbances increases chattering.

Solution:

SMC with adaptive modulation function.
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4.1 Introduction II

Adaptive SMC strategies review:

1 Monotonically increasing gains
[Yan, Hsu, and Xiuxia(2006), Oliveira, Leite, Peixoto and Hsu(2014),

Moreno, Negrete, Torres-González, and Fridman(2016)]

Problem: Disturbances may be overestimated.

2 Increasing and decreasing gains
[Plestan, Shtessel, Brégeault, and Poznyak(2010),

Bartolini, Levant, Plestan, Taleb, and Punta(2013),

Estrada, Plestan, and Allouche(2013)]

Problem: Sliding modes may fail temporarily.

3 Equivalent control
[Bartoszewicz(1989), Utkin and Poznyak(2013),

Edwards and Shtessel(2016)]
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4.1 Introduction III

Benefits of equivalent control approaches

Provides an estimate of the disturbance once sliding
motion is established;

Control gain is updated according to disturbance
amplitude;

Less conservative control amplitude reduces chattering and
power loss.

A new adaptive SMC approach

extended equivalent control.
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4.2 Extended Equivalent Control I

Equivalent control defined on the sliding mode

σ(x(t), t) = 0

Extended equivalent control valid on and outside the
sliding mode [9].
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4.2 Extended Equivalent Control II

Consider the nonlinear system:

ẋ = f (x , t) + B(x , t)u

Extended equivalent control:

ueq(t) = −[GB(x(t), t)]−1

[
Gf (x(t), t) +

d

dt
σ(x(t), t)

]

where G = ∂
∂x σ(x(t), t).
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4.2 Extended Equivalent Control III

On the sliding mode
σ(x(t), t) = 0 =⇒ d

dtσ(x(t), t) = 0, then, the extended
equivalent control is the usual equivalent control:

ueq(t) = −[GB(x(t), t)]−1Gf (x(t), t) .

Outside the sliding mode the extended equivalent control
is a piecewise-continuous signal given by the control law:

ueq(t) = u(t) .
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4.2 Extended Equivalent Control IV

Average Control

Problem: extended equivalent control not available.

Alternative: average control given by the low-pass filter:

τ u̇av = −uav + u , τ > 0 .

If τ is small enough, then

ueq(t) ≈ uav(t) , ∀t ≥ 0 .
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4.3 Plant description (nonlinear)

η̇ = f0(η, ξ, t) ,

ξ̇1 = ξ2 ,

...

ξ̇r−1 = ξr ,

ξ̇r = f (x , t) + g(x , t) [u + d(t)] ,

x = [ηT , ξT ]T ∈ Rn is the state; η ∈ Rn−r ; ξ ∈ Rr ;
ξ = [ξ1 , . . . , ξr ]T ∈ Rr ;

u ∈ R is the control input;

d(t) ∈ R is an exogenous input disturbance.
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Assumptions on the plant

Usual assumptions:

The input gain is positive: g(x , t) > g > 0 ,
The internal dynamics η̇ = f0(η, ξ, t) is input-to-state
stable (ISS) with respect to ξ .
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4.4 Assumptions on the disturbance I

(A1) The input disturbance d(t) is:

unknown,
locally integrable and

norm bounded by |d(t)| ≤ d̄ , ∀t, where

d̄ ≥ 0 is an unknown scalar.

Moreover, there exist known constants cf > γf > 0

and τ > 0 such that

|d(t)| ≤ cf e
−γf t ∗

∣∣∣τ−1e−
t
τ ∗ d(t)

∣∣∣ , ∀t .
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4.4 Assumptions on the disturbance II

Notes on (A1) :

Discontinuous disturbances are allowed;
For τ → +0 the averaging filter can be neglected;
The average control gives an estimate of the input
disturbance during the sliding mode;
The modulation function must dominate the disturbance:

%(t) = cf e
−γf t ∗ |uav(t)| ≈ cf e

−γf t ∗ |d(t)| > |d(t)| .

Unbounded disturbances are allowed, such as:

d [ln |d(t)|]
dt

≤ cf − γf (> 0) ,

|d(t)| < d0 e
(cf−γf )t , d0 > 0 .
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4.5 Sliding Mode Control I

Sliding variable:

σ = Sξ ,

where S = [s0 , . . . , sr−1] is such that
sr−1λ

r−1 + · · ·+ s1λ+ s0 is a Hurwitz polynomial.

103 / 164



VSS Summer
Course-2019

Liu Hsu

Adaptive SMC
via
X-equivalent
control

Preliminaries

Extended Equivalent
Control

Plant description

Assumptions on the
disturbance

Sliding Mode Control

Conclusions

hideallsubsections

4.5 Sliding Mode Control II

Therefore: σ̇ = fσ(x , t) + g(x , t) [u + d(t)] .

Control law:
u = uc + us ,

uc = − fσ(x , t)

g(x , t)
,

us = −%(t)sgn(σ) .
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4.5.1 Conventional SMC

Conventional SMC

−    sgn(   )ρ        σ

us

uc

S
σ

Plant
x

d(t)

+
++

+

control
Continuous

ρ(t) > |d(t)|

◮ Problem: synthesis of modulation function ̺(t) .

◮ If ̺(t) > |d(t)|, ∀t ≥ 0, then, the sliding surface σ = 0

will be reached in finite time.

Oliveira, T. R.,Cunha, J. P. V. S. & Hsu, L. – VSS 2016 – p.12/28
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4.5.2 Adaptive SMC

Adaptive SMC

uavuav|      |

−    sgn(   )ρ        σ

uc

us

S

law
Adaptive

filter
Averaging

σ

|   |.

Adaptive modulation function

Plant
x

d(t)

+
++

+

control
Continuous

ρ(t)

◮ Adaptive synthesis of modulation function ̺(t) .

Oliveira, T. R.,Cunha, J. P. V. S. & Hsu, L. – VSS 2016 – p.13/28
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4.5.3 Adaptive SMC

Adaptive SMC

uav|      |

−    sgn(   )ρ        σ

uc

us

uav

S

law
Adaptive

filter
Averaging

σ

|   |.

Adaptive modulation function

Plant
x

d(t)

+
++

+

control
Continuous

ρ(t)

◮ Averaging filter estimates the extended equivalent control:

τ u̇av = −uav + us .

Oliveira, T. R.,Cunha, J. P. V. S. & Hsu, L. – VSS 2016 – p.14/28
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4.5.4 Adaptive SMC

Adaptive SMC

uav|      |

−    sgn(   )ρ        σ

uc

uav

us

S

law
Adaptive

filter
Averaging

σ

|   |.

Adaptive modulation function

Plant
x

d(t)

+
++

+

control
Continuous

ρ(t)

◮ Estimate the absolute value of the extended equivalent control:

|ueq| ≈ |uav| .

Oliveira, T. R.,Cunha, J. P. V. S. & Hsu, L. – VSS 2016 – p.15/28
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4.5.5 Adaptive SMC

Adaptive SMC

uav|      |

−    sgn(   )ρ        σ

uc

uav

us

S

law
Adaptive

filter
Averaging

σ

|   |.

Adaptive modulation function

Plant
x

d(t)

+
++

+

control
Continuous

ρ(t)

◮ Adaptive modulation function:

˙̺ = −γf̺+ cf (|uav| + δ) .

◮ δ > 0 guarantees a desired minimum excitation for start-up.

Oliveira, T. R.,Cunha, J. P. V. S. & Hsu, L. – VSS 2016 – p.17/28
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4.5.6 Adaptive SMC

Adaptive SMC

uav|      |

−    sgn(   )ρ        σ

uc

uav

us

S

law
Adaptive

filter
Averaging

σ

|   |.

Adaptive modulation function

Plant
x

d(t)

+
++

+

control
Continuous

ρ(t)

◮ Adaptive modulation function:

˙̺ = −γf̺+ cf (|uav| + δ) .

◮ δ > 0 guarantees a desired minimum excitation for start-up.

Oliveira, T. R.,Cunha, J. P. V. S. & Hsu, L. – VSS 2016 – p.17/28
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4.5.7 While sliding is not reached

Adaptive SMC

uav|      |

−    sgn(   )ρ        σ

uc

uav

us

S

law
Adaptive

filter
Averaging

σ

|   |.

Adaptive modulation function

Plant
x

d(t)

+
++

+

control
Continuous

ρ(t)

◮ Adaptive modulation function:

˙̺ = −γf̺+ cf (|uav|+ δ) .

◮ Before sliding mode |uav| ≈ |ueq| = ̺ , then ...

Oliveira, T. R.,Cunha, J. P. V. S. & Hsu, L. – VSS 2016 – p.18/28
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4.5.8 Adaptive modulation law

Adaptive SMC

uav|      |

−    sgn(   )ρ        σ

uc

uav

us

S

law
Adaptive

filter
Averaging

σ

|   |.

Adaptive modulation function

Plant
x

d(t)

+
++

+

control
Continuous

ρ(t)

◮ Adaptive modulation function:

˙̺ = −γf̺+ cf (̺+ δ) .

Oliveira, T. R.,Cunha, J. P. V. S. & Hsu, L. – VSS 2016 – p.19/28
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4.5.9 Adaptive modulation law (cont.)

Adaptive SMC

uav|      |

−    sgn(   )ρ        σ

uc

uav

us

S

law
Adaptive

filter
Averaging

σ

|   |.

Adaptive modulation function

Plant
x

d(t)

+
++

+

control
Continuous

ρ(t)

◮ Adaptive modulation function:

˙̺ = −γf̺+ cf (̺+ δ) .

◮ ... then, cf > γf > 0 guarantees the loop is unstable, thus,

̺(t) grows exponentially, faster than |d(t)| .
Oliveira, T. R.,Cunha, J. P. V. S. & Hsu, L. – VSS 2016 – p.20/28
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4.5.10 Effect of averaging quality
Simulation: Effects of Averaging

0 5 10 15

−2

−1

0

1

2

3

4

t[s]

 

 
−d(t)
uav(t) , τ = 0.01 s
uav(t) , τ = 0.1 s

◮ Average control signal for different time constants;

◮ Sinusoidal disturbance.

Oliveira, T. R.,Cunha, J. P. V. S. & Hsu, L. – VSS 2016 – p.26/28
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4.5.11 Theorem 1
Stability Results

Theorem 1 The following stability properties hold for the proposed
control system with the adaptive modulation function ̺ :

1. the sliding surface σ = 0 is reached in finite time;

2. the closed-loop system is uniformly globally exponentially

stable in the sense that the state x = [ηT , ξT ]T converges

exponentially to the origin and

3. all remaining signals are uniformly bounded.

Oliveira, T. R.,Cunha, J. P. V. S. & Hsu, L. – VSS 2016 – p.22/28
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4.6 Conclusions

Conclusion

◮ New adaptive SMC to circumvent non smooth disturbances
with unknown bounds has been addressed.

◮ Based on the extended equivalent control and average control.

◮ The control gain ̺ is adapted to dominate disturbances:

⊲ ̺ decreases/increases as the disturbance does;

⊲ Discontinuous and unbounded disturbances are allowed;

⊲ The precision of the stabilization is improved;

⊲ Preserves sliding mode;

⊲ Reduces chattering.

◮ Main steps of the proof of uniform and global stability as well
as perfect disturbance rejection were introduced.

Oliveira, T. R.,Cunha, J. P. V. S. & Hsu, L. – VSS 2016 – p.27/28
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5.1 Preliminaries I

The context

UVC for uncertain MIMO systems

Disturbance are bounded but with unknown bounds

Quite general class of nonsmooth disturbances

Global stabilization/tracking by state or output feedback

Adaptive gain modulates according to the size of
disturbances: reduce chattering

Application to a surface vessel subject to ocean currents,
wind and waves is discussed.
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5.1 Preliminaries II

Novel properties of the MFA

Prespecified transient time

Maximum overshoot

Guaranteed steady steady
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5.2 Problem statement I

Consider (MIMO) systems in regular form [43, 30]

η̇ = A11η + A12σ + d1(x , t) , (7)

σ̇ = A21η + A22σ + d2(x , t) + B2u , (8)

u ∈ Rm is the input, σ ∈ Rm the output, η ∈ Rn−m,
x := [ηT , σT ]T the state, d1 : Rn × R+ → Rn−m is an
unmatched disturbance, and d2 : Rn × R+ → Rm is a matched
disturbance. Aij and B2 are constant and uncertain.
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5.2 Problem statement II

Assumptions

(A1) Minimum phase from u to σ: A11 is Hurwitz.
(A2) Sp ∈ Rm×m is known so that −Kp is Hurwitz, where

Kp := B2Sp (9)

is the effective high-frequency gain (HFG).
(A3) d1(x , t) and d2(x , t) are locally Lipschitz in x , p.w.c. in t,

and satisfy

‖d1(x , t)‖ ≤ d̄1 < +∞ , ‖d2(x , t)‖ ≤ d̄2 < +∞ , ∀x ∈ Rn , ∀t ∈ R+ ,
(10)

(A4) d̄1 ≥ 0 and d̄2 ≥ 0 are unknown!.
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5.2 Problem statement III

Control Objective

Achieve global stability and convergence of the output
signal (σ(t)) to a small neighborhood of the origin

σ may also be the tracking error w.r.t. some desired
trajectory

Then, stabilization of σ implies tracking of a reference
signal.
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5.3 Non-adaptive UVC I

For known disturbance norm bounds d̄1 and d̄2, the control
signal is pre-compensated by u = Spu. Then,

σ̇ = A22σ + KpU + d(t), (11)

d(t) = A21η(t) + d2(x(t), t) , (12)

The disturbance d(t) can be rejected by the UVC law

U = −ρ(t)
σ

‖σ‖ , (13)

if
ρ(t) ≥ δ + cσ‖σ(t)‖+ cd‖d(t)‖ , ∀t ≥ 0 , (14)

for appropriate cσ ≥ 0 and cd > 0. The arbitrary constant
δ > 0 is required to guarantee σ = 0 in finite time.
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5.3.1 Modulation for UVC I

State feedback
If the state x(t) is available, then

‖d(t)‖ ≤ c1‖η(t)‖+ d̄2 , (15)

where c1 ≥ ‖A21‖ A modulation function is thus given by

ρ(t) = δ + cσ‖σ(t)‖+ cdc1‖η(t)‖+ d̄ , (16)

d̄ = cd d̄2 . (17)
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5.3.1 Modulation for UVC II

Output feedback
If η is unavailable for feedback, then a bound for norm ‖η‖
is found using a FOAF as follows. The solution σ(t) is

η(t) = exp(A11t)η(0)+exp(A11t)∗[A12σ(t)+d1(x(t), t)] , t ≥ 0 .
(18)

Here, σ(t) dependent term is norm bounded by the FOAF
output.
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5.3.1 Modulation for UVC III

The resulting modulation function is given by (modulo
irrelevant π terms) :

ρ(t) = δ + cσ‖σ(t)‖+ cd σ̄1σ(t) + d̄ , (19)

d̄ = cd

(
cηd1 d̄1

γ1
+ d̄2

)
. (20)

σ̄1σ(t) =
cησ

s + γ1
‖σ(t)‖
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5.4 Adaptive Unit Vector Control I

Now the upper bounds d̄ are assumed UNKNOWN! Then,
adapt...

The following adaptive law is proposed

d̂(t) = β(k, t − t̄) =

{
β1(k) , if t < t̄ ,

β2(k, t − t̄) , if t ≥ t̄ ,
∀t ∈ [tk , tk+1] , k = 1, 2, . . . , t1 := 0 ,

(21)
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5.4 Adaptive Unit Vector Control II

Notation:

tk+1 denotes the new switching time

The unknown d̄ → class K∞ function β1(k) in Phase 1
(t < t̄)

or a class K∞L function β2(k , t − t̄) in the Phase 2
(t ≥ t̄) of the algorithm

t̄ ≥ 0 is the phase transition time , and k ∈ N is the
switching number of a monitoring function to be defined

β(k , t − t̄) grows monotonically with k and decreases with
(t − t̄) (for t ≥ t̄) after each switching,
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5.4 Adaptive Unit Vector Control III

After each new switching, the function β will give a norm
bound for the disturbance d(t) in (12) at least during a
sufficiently large interval of time.

The adopted UVC law is u = SbU with U given as (13).

the modulation function ρ(t) is designed to overcome the
net input disturbance in (11).

the following adaptive modulation functions have been
obtained

SF
ρ(t) = δ + cσ‖σ(t)‖+ cdc1‖η(t)‖+ d̂(t) , (22)

OF
ρ(t) = δ + cσ‖σ(t)‖+ cd σ̄1σ(t) + d̂(t) . (23)
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5.4 Adaptive Unit Vector Control IV

By the UVC Lemma 1,the output signal σ(t) tends to zero
being bounded by

‖σ(t)‖ ≤ k1 e
−λ1(t−t̄0)‖σ(t̄0)‖ , ∀t ∈ [t̄0,+∞) , (24)

where t̄0 denotes any initial time, and k1, λ1[ , λ2 ] > 0 are
known constants satisfying some inequalities related to Kp,
provided that the estimated disturbance (21) upper bounds the
true disturbance ∀t ≥ t̄0.
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5.4.1 New monitoring switching scheme I

Preliminary results (Oliveira, Melo, Hsu and Cunha
2017)[42], did not guarantee pre-specified transient and
steady-state performance.

A new monitoring switching strategy is now introduced to
“fill the gap”.

The performance specifications are illustrated by the figure
below.
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5.4.1 New monitoring switching scheme II

6 Liu Hsu ET AL

The monitoring function 'm was defined by23

'm(t) ∶= 'k(t) , ∀t ∈ [tk, tk+1) (⊂ [0,+∞)) . (31)

The motivation behind the choice of 'm(t) was that the exponentially decaying term that played the role of the �(t) term (15),
now included in the disturbance term (7), was unavailable for measurement in the case of output-feedback UVC. In the case of
state-feedback UVC, the monotonically unbounded sequence would not be required in (30), ie, a(k) ≡ 0.
Reminding that the upper bound for ‖�(t)‖ given by (29), including the exponentially decaying term, holds if the modulation

signal satisfies inequality (9), it would seem natural to use it as a benchmark to detect if the sliding mode is being lost and the
error is increasing so that k in �(k, t) must be increased23. In that scheme t̄ = 0 since the adaptation had a single phase. Hence,
the switching time tk is well-defined (for k ≥ 0)

tk+1 =

{

min{t > tk ∶ ‖�(t)‖ = 'k(t)}, if it exists ,
+∞, otherwise .

(32)

According to Oliveira et al23, if a class∞ function �(k) was used in (26) instead of the class∞ function assumed before,
it would be possible to verify from assumption (A3) that after a finite number ki of switchings, the signal d̂(t) becomes ultimately
greater than d̄ in (25). Hence, the conditions d̄ ≤ d̂(t) and (9) are verified for t ≥ tki . In addition, for ki sufficiently large,
a(ki)e−�2t of (30) would allow 'k(t) to be an upper bound valid for ‖�(t)‖ once

‖�(t)‖ ≤ 'ki(t) , (33)

and consequently no switching will occur after t = tki . Thus, the output signal �(t) converges to zero at least exponentially since
the monitoring function (30)–(31) converges exponentially when the switching process stops. In addition, the sliding mode at
� = 0 is reached in finite time since the condition �̇T � < −�‖�‖ can be obtained, with � > 0 included in the modulation
function (27) or (28), according to state- or output-feedback control, respectively.
Although it was possible to state that the stabilization/tracking error becomes small, the ultimate residual set could not be

fully characterized by Oliveira et al23 with the ∞ version of �.

4.1.2 New monitoring switching scheme
As shown in our first results23, the previous monitoring switching scheme in Section 4.1.1 does not guarantee pre-specified
transient and steady-state performance. In order to take into account, a new monitoring switching strategy is now introduced.
The performance specifications are given according to the next definition34, illustrated by Fig. 1.

σ||   (0)||

||   (0)||+σ ∆

||   (  )||σ t

ε /r
2

0 t

Phase 1

ε

Forbidden zone

T

Phase 2

(s)t

FIGURE 1 Performance specifications on ‖�(t)‖.

Definition 3. The stabilization/tracking error � is said to satisfy the transient and steady-state performance specifications, if:
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5.4.1 New monitoring switching scheme III

Definition

The stabilization/tracking error σ is said to satisfy the
transient and steady-state performance specifications, if:

1 ‖σ(t)‖ ≤ ‖σ(0)‖+ ∆, ∀t ∈ [0 ,T ), and

2 ‖σ(t)‖ ≤ ε, ∀t ≥ T ,

where ∆ is the allowed maximum overshoot, T > 0 is the
maximum transient time, and ε ∈ (0,∆] is the allowed
maximum steady-state error, that can be freely specified.
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5.4.1 New monitoring switching scheme IV

The proposed algorithm has two phases described below.

This is similar to Yan et al.[Yan, Hsu, and Xiuxia(2006)],
the switching times of β(k , t − t̄) are according to the two
phases below.

In the algorithm, r1, r2 > 1 are arbitrarily chosen design
constants, which can adjust the frequency of switchings.
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5.4.1 New monitoring switching scheme V

Phase 1: Force ‖σ(t)‖ ≤ ε/r2 before T while avoiding the violation
of the allowed maximum overshoot.

If ‖σ(t1)‖ = ‖σ(0)‖ ≤ ε/r2, then the algorithm passes to Phase 2.

Otherwise, for every k for which ‖σ(tk)‖ > ε/r2, the switching time
tk+1 is defined by

tk+1 := min



 t > tk :

‖σ(t)‖ = ‖σ(0)‖+ ∆
(
1− 1/rk1

)

or
t = T

(
1− 1/rk1

)
and ‖σ(t)‖ > ε/r2



 , k = 1 , 2 , . . . (25)

If for some time t = t̄ < T , the condition

‖σ(t̄)‖ = ε/r2 (26)

is reached, then the algorithm proceeds to Phase 2.
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5.4.1 New monitoring switching scheme VI

Phase 2: Maintain ‖σ(t)‖ < ε , ∀t > T .
Let tj+1 be the final switching time in Phase 1. The switching time
in Phase 2 is defined by

tk+1 :=

{
min

{
t > tk : ‖σ(t)‖ = ε

(
1− 1/rk−j+1

2

)}
, if it exists ,

+∞ , otherwise ,

(27)
where if k = j + 1, then tk of the right-hand side of (27) should be

replaced by t̄. It can be checked from (27) that

‖σ(tk+1)‖ > ‖σ(tk)‖ . (28)

Hence, β(k, t − t̄) switches in Phase 2 only when ‖σ‖ increases and
becomes too close to ε.
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5.4.1 New monitoring switching scheme VII

For each k in (21), the function β(k, t − t̄) must satisfy

β(k + 1, t − t̄) > β(k , t − t̄) > 0 , (29)

lim
k→+∞

β(k, t − t̄)

[max(r1, r2)]k
= +∞ . (30)
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5.4.1 New monitoring switching scheme VIII

Table: Adaptive sliding mode controller for the system (7)–(8).

Unit vector control law u(t) = SpU(t) , U(t) = −ρ(t)
σ(t)
‖σ(t)‖

ρ for state feedback ρ(t) = δ + cσ‖σ(t)‖ + cd c1‖η(t)‖ + d̂(t)

ρ for output feedback ρ(t) = δ + cσ‖σ(t)‖ + cd σ̄1σ(t) + d̂(t)

FOAF for output feedback ˙̄σ1σ(t) = −γ1σ̄1σ(t) + cησ‖σ(t)‖ , σ̄1σ(0) ≥ 0

Adaptive law d̂(t) = β(k, t − t̄) =

{
β1(k) , if t < t̄ ,

β2(k, t − t̄) , if t ≥ t̄ .

From Phase 1 to 2 t̄ =

{
0 , if ‖σ(0̄)‖ ≤ ε/r2 ,
t < T : ‖σ(t)‖ = ε/r2 , otherwise .

MF during Phase 1 tk+1 := min


t > tk :

‖σ(t)‖ = ‖σ(0)‖ + ∆
(

1− 1/rk1

)
or

t = T
(

1− 1/rk1

)
and ‖σ(t)‖ > ε/r2


MF during Phase 2 tk+1 :=

{
min

{
t > tk : ‖σ(t)‖ = ε

(
1− 1/r

k−j+1
2

)}
, if it exists ,

+∞ , otherwise .
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5.5 Stability Analysis I

Specifications and Pratical stability theorem:

Theorem

Assume that (A1)–(A3) hold. Then, with the described
monitoring function adaptive UVC, practical
stabilization/tracking is achieved, with the output signal or
tracking error σ(t) converging ultimately close to an
ε–neighborhood of the origin. Moreover, all the closed-loop
signals are uniformly bounded and all pre-specified transient
and steady-state in Definition 1 are guaranteed as well.
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5.5 Stability Analysis II

Remark

In some practical applications, despite the fact the disturbance
d(t) has unknown norm bound, it may tend to some specific
value or has a minimal upper bound after some finite time (for
example, when the disturbance has a large transient and then
goes to a small steady state). For these situations, the
following corollary can be stated.
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5.5 Stability Analysis III

Corollary

In Theorem 1, if d(t) has the additional property:

‖ηd1 (t) + d2(x(t), t)‖ < dl , ∀t ∈ [tl ,+∞) (31)

dl ≥ 0 known constant, then replacing (22) for SF or (23) for OF by
the new modulation functions

SF : ρ(t) = δ + cσ‖σ(t)‖+ cdc1‖η(t)‖+ d̂(t) + dl , (32)

OF : ρ(t) = δ + cσ‖σ(t)‖+ cd σ̄1σ(t) + d̂(t) + dl , (33)

then exact stabilization/tracking is achieved and σ(t) is kept in the
origin after some finite time. Moreover, d̂(t)→ 0, ∀t > tl , which
decreases the amplitude of the control signal u(t) needed to keep the
sliding mode.
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5.5 Tracking Control of a Surface Vessel I

Liu Hsu ET AL 11

xeOe

ye

Ob

by

xb

ψ

FIGURE 2 Top view of the vessel and coordinate systems.

where M is the inertia matrix, C(�) is the Coriolis-centripetal matrix, D(�) is the damping matrix, � ∈ ℝ3 is the vector of
generalized velocities represented in the body coordinate system, � ∈ ℝ3 is the vector of generalized forces generated by thrusters
represented in the body coordinate system, and w ∈ ℝ3 is the vector of environmental disturbances (wind, waves and currents).
The generalized position of the vessel is � ∶= [xe, ye,  ]T , where xe and ye are coordinates of the origin Ob represented in the
inertial system.
The Jacobian matrix that transforms the vectors represented in the body coordinate system to the inertial coordinate system

(see eq. (62)) is given by

J(�) =
⎡

⎢

⎢

⎣

cos( ) −sin( ) 0
sin( ) cos( ) 0
0 0 1

⎤

⎥

⎥

⎦

. (63)

Inspired by classical variable structure trajectory control approaches36,37, the following feedback linearization control law

� =MJ−1(�)
[

u − J̇(�)�
]

+ C(�)� + D(�)� , (64)

is adopted to simplify the dynamic model (61)–(62), such that it can be rewritten as

�̈ = d + u , (65)

where u ∈ ℝ3 is the control signal. The input disturbance d ∈ ℝ3 represents approximations, uncertainties and environmental
disturbances.
In order to develop the tracking controller, the tracking error is defined:

�̃(t) ∶= �(t) − �ref (t) = [x̃(t), ỹ(t),  ̃(t)]T , (66)

where �ref (t) ∶= [xref (t), yref (t),  ref (t)]T is the reference trajectory expressed in generalized position coordinates. It is assumed
that the signals �ref (t) and �̇ref (t) are continuous and bounded, �̈ref (t) is piecewise continuous and bounded.
The following UVC control law is proposed:

u = �̈ref (t) + A11 ̇̃�(t) + U , (67)

U = −�(k, t) �
‖�‖

, (68)

�(t) = ̇̃�(t) − A11�̃(t) , (69)

where A11 ∈ ℝ3 is a Hurwitz matrix that can be chosen to specify the desired error dynamics on the sliding surface � = 0, i.e.,
̇̃�(t) = A11�̃(t).
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5.5 Tracking Control of a Surface Vessel II
Liu Hsu ET AL 13
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FIGURE 3 Trajectory of the vessel on the water surface (solid line), and reference trajectory (doted line).
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FIGURE 4 Heading angle of the vessel (solid line), and reference heading angle (doted line).

to overcome disturbances. This adaptive modulation function allows the amplitudes of the control signals to be kept small as
seen in Fig. 7.
The maximum allowable residual modulation signal can be adjusted by the parameter ". The value " = 1 is set in Figs. 8

and 9, where it can be seen that the peak value of the residual �(t) is ten times larger than in Fig. 5, where " = 0.1. It can be
seen that the number of switchings in the modulation signal with " = 1 (Fig. 9) is smaller than in the case " = 0.1 (Fig. 6).
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5.5 Tracking Control of a Surface Vessel III
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FIGURE 3 Trajectory of the vessel on the water surface (solid line), and reference trajectory (doted line).
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FIGURE 4 Heading angle of the vessel (solid line), and reference heading angle (doted line).

to overcome disturbances. This adaptive modulation function allows the amplitudes of the control signals to be kept small as
seen in Fig. 7.
The maximum allowable residual modulation signal can be adjusted by the parameter ". The value " = 1 is set in Figs. 8

and 9, where it can be seen that the peak value of the residual �(t) is ten times larger than in Fig. 5, where " = 0.1. It can be
seen that the number of switchings in the modulation signal with " = 1 (Fig. 9) is smaller than in the case " = 0.1 (Fig. 6).144 / 164
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5.5 Tracking Control of a Surface Vessel IV
14 Liu Hsu ET AL
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FIGURE 5 Norm of the sliding variable with " = 0.1.

7 CONCLUSION

A novel adaptive sliding mode controller was developed to handle parameter uncertainties and non smooth disturbances with
unknown constant upper bounds. The proposed multivariable unit vector controller is based on a monitoring function as a tool
for switching the control gain (modulation function adaptation). We have shown that by using the proposed switching scheme,
the transient and steady-state behavior of the output signal (or tracking error) can be controlled. Disturbance domination as
well as global convergence and practical stabilization/tracking are guaranteed by using only output feedback. The ultimately
decreasing characteristic of the adaptive modulation function leads to less conservative and smaller switching control gains,
thus reducing undesirable chattering effects of the sliding mode controller, as illustrated by numerical simulations with a fully
actuated surface vessel.
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5.5 Tracking Control of a Surface Vessel V
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FIGURE 6Modulation signal (�— solid line), and the norm of the disturbance (‖d‖— doted line) with " = 0.1.
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APPENDIX

A UNIT VECTOR CONTROL LEMMA

To allow the development of proposed FTC, the following lemma on unit vector control is introduced.

Lemma 1. Consider the multi-input-multi-output system

�̇(t) = A22�(t) +KpU + d(t) , (A1)

U = −�(�, t) �
‖�‖

, (A2)

�(�, t) ≥ � + c�‖�(t)‖ + cd‖d(t)‖ , (A3)

where A22, Kp∈ℝm×m, and �≥0 is an arbitrary constant. The signals d(t)∈ℝm and �∈ℝ are piecewise-continuous with respect
to t. If ∃P =P T >0 such that

KT
p P + PKp = I , (A4)

and c� , cd≥0 in (A3) satisfy

c� ≥ max
{

�max(AT22P +PA22) + �̄ , 0
}

, (A5)
cd ≥ 2�max(P ) , (A6)

where the constant �̄ >0 provides some desired stability margin, then the following inequality is satisfied

‖�(t)‖ ≤ k1 e−�1t‖�(0)‖ , ∀t ≥ 0 , (A7)
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[35] L. Hsu, F. Lizarralde, and A. D. Araújo, “New results on output-feedback variable structure
model-reference adaptive control: design and stability analysis,” IEEE Trans. Aut. Contr., vol. 42, no. 3,
pp. 386–393, March 1997.

[36] T. R. Oliveira, A. Estrada, and L. M. Fridman, “Global exact differentiator based on higher-order
sliding modes and dynamic gains for globally stable output-feedback control,” in Proc. IEEE Conf. on
Decision and Control, Osaka, Japan, December 2015, pp. 4109–4114.

[37] A. Levant, “Higher-order sliding modes, differentiation and output-feedback control,” Int. J. Contr.,
vol. 76, no. 9, pp. 924–941, 2003.

[38] A. Levant and M. Livne, “Exact differentiation of signals with unbounded higher derivatives,” IEEE
Trans. Aut. Contr., vol. 57, no. 4, pp. 1076–1080, April 2012.

[39] S. Baev, Y. Shtessel, and I. Shkolnikov, “Nonminimum-phase output tracking in causal systems using
higher-order sliding modes,” Int. J. of Robust and Nonlinear Control, vol. 18, no. 4–5, pp. 454–467,
March 2008.

[40] T. Gonzalez, J. A. Moreno, and L. Fridman, “Variable gain super-twisting sliding mode control,” IEEE
Trans. Aut. Contr., vol. 57, no. 8, pp. 2100–2105, August 2012.

[41] A. Polyakov, D. Efimov, and W. Perruquetti, “Finite-time and fixed-time stabilization: implicit
Lyapunov function approach,” Automatica, vol. 51, pp. 332–340, January 2015.

[42] Oliveira T. R., Melo G. T., Hsu L., Cunha J. P. V. S.. Monitoring functions applied to adaptive sliding
mode control for disturbance rejection. In: :2684–2689; 2017; Toulouse, France.
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