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Introduction

Mainly two ways of control implementation:
@ Periodic
@ Aperiodic

Periodic Implementation (Fixed Sampling Period)

@ Easy to implement
@ Simple techniques are available to analyse the system stability e.g., discrete-time approach,
emulation approach, etc.

Aperiodic Implementation (Varying Sampling Period)
@ Minimize the resource utilization
@ Analyzing the system stability is a challenging task
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Introduction

Mainly two ways of control implementation:
@ Periodic
@ Aperiodic

Periodic Implementation (Fixed Sampling Period)

@ Easy to implement
@ Simple techniques are available to analyse the system stability e.g., discrete-time approach,
emulation approach, etc.

Aperiodic Implementation (Varying Sampling Period)
@ Minimize the resource utilization
@ Analyzing the system stability is a challenging task

Event-triggering is one of the aperiodic control implementation strategies that guarantees the
system stability.
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Introduction: Why Event-Triggering?

Z(ti+1) I(t)

tit1

Clock

]

Sampled-Data System
@ The periodic control update

tit1=t; +h

@ Inefficient in terms of resource use

@ Open-loop sampling, i,e., clock is reset
once the time period h is elapsed
irrespective of the state evolution
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Introduction: Why Event-Triggering?

z(tit1) z(t)

tit1

Clock

]

Sampled-Data System

@ The periodic control update

@ More control updates even when there
tiv1 =ti+h is no demand

o Inefficient in terms of resource use @ Not suitable for parallel tasks

@ Open-loop sampling, i,e., clock is reset @ Inter sample behaviour may be difficult

once the time period k is elapsed to analyse
irrespective of the state evolution
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Introduction: What is Event-Triggering?

z(tit1) z(t)

tit1 z <
Event

Event-Triggering Strategy

@ Control is updated in aperiodic manner
@ Triggering rule (event) governs the
control updates

@ Event generator uses the system state
trajectories, so it is closed-loop
sampling
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Introduction: What is Event-Triggering?

z(tit1) z(t)

tit1 z <
Event

Event-Triggering Strategy

@ Control is updated in aperiodic manner Advantages

@ Triggering rule (event) governs the @ A need baseq approach:- so resources
control updates are used optimally

@ Event generator uses the system state @ Highly desired in networked control
trajectories, so it is closed-loop system
sampling
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Introduction: What is Event-Triggering?

Preliminaries: Event-Triggering

Consider
z = f(z,u), zo = z(to)
where u = x(x) is any given stabilizing control law such that closed loop system
& = f(z,n(z))
is asymptotically stable. Assume control is implemented as
w(t) = u(t;) = w(z(t;)) VYt E [ti, tit1)-

Define the error e(t) := z(t;) — =(¢). There exists a Lyapunov function V' such that

& f(e,u) < —allel) + (el
T

where a(-) and v(+) are K« functions.?

4A function « : R>g — R is said to be class-K if it is continuous, strictly increasing and «(0) = 0. The
function «(-) is said to be class-K s if it belongs to class-K and a(s) — oo as s — oco.
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Introduction: What is Event-Triggering?

Let there exists compact sets for a(-) and ~(-). Assuming o~1(-) and ~(-) are Lipschitz on these
compacts, the triggering rule based on Lyapunov method is for some o € (0, 1) (Tabuada’2006)

Wlel) < vallel) = ot (ML) <oy,

Since a~1(-) and v(-) are Lipschitz, we write the following for a constant P

- (@) < §||e|| < ]l

Triggering Schemes

. o
tip = inf {t > 4 : e > Zll=(®)l}

This triggering rule always ensures v(||e||) < oa(]|z||). Thus, we have

V = —a([ll) +~(lel)
< —(1=o)a(|lz])) <O0.
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@ Event-Triggered Sliding Mode
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Event-Triggered Sliding Mode

Why Sliding Mode Control?

@ Gives robust performance in the presence of matched disturbances
@ Sliding mode dynamics becomes disturbance free system

Why Event-Triggered SMC?

@ To achieve robust performance with event-triggering strategy
@ To achieve improved steady state performance with discrete implementation strategy
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SMC With Event-Triggering

Sliding Mode Control

Consider a LTI System:
= Ax + Bu + Bd

where = € R”, u € R. Define the sliding variable s = ¢ "« and sliding manifold as
S = {meR”:ch:O}.
It is well known that the control
w=(c"B)~! (CTAx + Ksigns)

brings s to the sliding manifold S in finite time if K > sup,~( |cT Bd(t)| + n for some n > 0.
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SMC With Event-Triggering

Sliding Mode Control

Consider a LTI System:
& = Ax + Bu + Bd

where = € R™, u € R. Define the sliding variable s = ¢« and sliding manifold as
S = {zGR”:cTz:O}.
It is well known that the control
w=(c'B)"! (CTALL‘ + Ksigns)

brings s to the sliding manifold S in finite time if K > sup; s |c" Bd(t)| + n for some n > 0.

Implementation of Control

@ Digital implementation never result s = 0 for all time

@ Periodic control implementation results in a steady-state that depends on sampling period
and also on disturbance bound

@ Can there be a method to bound steady-state value in digital implementation?
Yes Event-Triggering strategy
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Event-Triggered SMC

Definition: Practical Sliding Mode

Given A; > 0 there exists a t1 € [to, o0) such that the system trajectories reach the region
bounded by A; in the vicinity of the sliding manifold in time ¢; and remain there for all time ¢ > ¢;.
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Event-Triggered SMC

Definition: Practical Sliding Mode

Given A; > 0 there exists a t1 € [to, o0) such that the system trajectories reach the region
bounded by A; in the vicinity of the sliding manifold in time ¢; and remain there for all time ¢ > ¢;.
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SMC With Event-Triggering

Discrete Control
The SMC with discrete implementation is

u(t) = —(c"B)~! (CTAz(ti) + Ksigns(ti))

forall t € [t;,t;11). Here s(t;) = c' z(¢;). For sampled-data implementation
O0<h=tiy1—t;, Vi€ ZZO'

In event-triggered implementation, the inter event time, T; = ¢;4.1 — t;, is aperiodic in nature. So,
for stability of the system

@ Design a stabilizing triggering rule

@ Show T; > 7 forsome 7 > 0 and all i € Z>q
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SMC With Event-Triggering

Theorem
Let a € (0, c0) such that

‘CTAe(t)‘ < a.
Then, the event-triggered SMC guarantees practical sliding mode in the system if

K > sup ‘CTBd(t)‘ +n+a
t>0

for some n > 0.

Proof
Choose V (s) =

| \

152, Consider ¢ € [t;, t;41) and i € Zxq. Then

V(s(t)) = s(t) (cTAm(t) — cT Az(t;) — Ksigns(t;) + cTBd(t))
= —s(t) (JAe(t) + Ksigns(t;) — ¢ Bd(t))
< Is@)| ‘cTAe(t)‘ — s(t)Ksigns(t;) + |s(?)] )CTB‘ dmax.
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SMC With Event-Triggering

If sign(s(t;)) = sign(s(¢)), the second term equals K|s(t)|. Then,

V(s(t)) < —|s(8)] (K —a- ‘CTB‘ dmax)

< —nls(®)]-

@ This shows that the trajectories are attracted towards the sliding manifold and it reaches the
manifold in finite-time.
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SMC With Event-Triggering

If sign(s(t;)) = sign(s(¢)), the second term equals K|s(t)|. Then,

V(s(t)) < —|s(8)] (K —a- ‘CTB‘ dmax)

< —nls(®)]-

@ This shows that the trajectories are attracted towards the sliding manifold and it reaches the
manifold in finite-time.

@ Once the trajectory reaches the sliding manifold, sign(s(t)) does not remain same in some
triggering interval [t;,t;41), i.e., sign(s(t;)) # sign(s(t)).
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SMC With Event-Triggering

If sign(s(t;)) = sign(s(¢)), the second term equals K|s(t)|. Then,

V(s(t)) < —|s(8)] (K —a- ‘CTB‘ dmax)

< —nls(®)]-

@ This shows that the trajectories are attracted towards the sliding manifold and it reaches the
manifold in finite-time.

@ Once the trajectory reaches the sliding manifold, sign(s(t)) does not remain same in some
triggering interval [t;,t;41), i.e., sign(s(t;)) # sign(s(t)).

@ However, the trajectory remains bounded in the vicinity of sliding manifold. Now, using the
relation |c[[[|All[le()|| < «, we obtain

|s(ts) = s(&)] = |eTa(t:) — ¢ 2(t)

< llellll(t:) — z@)|l
= llelllle@®l

< (e
Al
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SMC With Event-Triggering

@ Thus, the trajectory remains within the region

«a
reR™: ‘ch‘ < 7}
{ 1Al

once it enters this band.

This ensures the practical sliding mode in the system and the proof is completed.

B. Bandyopadhyay (lIT B) |EEE IES Distinguished Lecture, UERJ, Brazil April 8-12, 2019 17 /40



SMC With Event-Triggering

State Evolution
Represent the system in regular form
21 = A1121 + Ar222
T2 = Ag1x1 + A22x2 + Bou + Bad.

The sliding surface parameteris ¢™ = [¢]  1]. Select c1 such that A11 — A12c] is Hurwitz.
Now, during sliding mode

i1 = (A11 — Arac] )z1 + A1as

To = —cirxl + s.
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SMC With Event-Triggering

State Evolution
Represent the system in regular form

21 = A1121 + Ar222
T2 = Ag1x1 + A22x2 + Bou + Bad.

The sliding surface parameteris ¢™ = [¢]  1]. Select c1 such that A11 — A12c] is Hurwitz.
Now, during sliding mode

i1 = (A11 — Arac] )z1 + A1as

To = —ci'—:cl + s.

Proposition

| A

The system trajectories remain ultimately bounded during practical sliding mode within the region
given by

ALP|
B={z1eR*" |z <2CMM .
{ ! el < 2o QAT
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SMC With Event-Triggering

proof
Consider the Lyapunov function Vi = z] Pz1. Then
Vl = j:;rle + xIPdtl
<z (AJP + PAa)z1 + 20 ||A| 71 Al Poy

where A = (A11 — Aiac] ) is Hurtiwz. Then, for any @ > 0 such that AT P + PA, + Q = 0.
Using this,

Vi < —2f Qu1 + 2 ||A| 71 Ay Py
“Amin{@} w12 + 20| A 7 {| AT P | 21

AT
= —Amin{Q} (IImlll —2a4)~ %) [l ]l-

IA

We see that V; < 0 whenever z; is outside the ball B, and thus, 5 is attractive. This ensures that
the system trajectories enter 5 in some finite time and remain ultimately bounded.
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SMC With Event-Triggering

Recall that the practical sliding mode is ensured if

lellllAllllell < ea o € (0,1)
So, the triggering rule is proposed as

tipr =inf{t > t; : ||cll||Alllle(®)]| = oa}

Inter Event Time
Since triggering instants is generated whenever triggering rule is violated. So, we must ensure
@ lItis important to show

| A

Tii=tiy1 —t; > T ViEZZO

for some 7 > 0.
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SMC With Event-Triggering

Theorem
Let {t;}52, be triggering sequences. Then

1 [’
tirl — ty —1 2y > ——In (l +O'—>
lIAll llellCo(llz@)) + B)
where
B:=B(c" B)"'| K + || Bl|dmax,
and

plla(t)l) = || (4= BT B)~1eT 4) a(t:)

Construct T" = {¢ : ||c||||All|le(?)|| = 0}. Then for all time ¢ € [¢;, t;4-1[\L', we write

210l < | S = || 52

= HAaz(t) — B(c"B)~tcT Ax(t;) — B(cT B)~Ksigns(t;) + Bd(t)H .
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SMC With Event-Triggering

Recall z(t) = «(t;) — e(t). Then, the above can be reduced to

% le(®)]l = |[Az(ts) = Ae(t) - BT B)"eT Aa(t:) - B(cT B)~ Ksigns(t:) + Bd(t)|
<llAlle®ll + | (4 = BETB) e ) a(ts)|| + 1B BY 7 K1l + 1| Blldmax
=l|AI le®l + p(lz(t)I) + 8.

The solution to the above differential inequality with initial condition e(¢;) = z(t;) — z(t;) = 0'is

le@®]l <

pUlz@)ID + B ¢ jance—t) _
1Al (1107 ).
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SMC With Event-Triggering

Proof
Recall z(t) = «(t;) — e(t). Then, the above can be reduced to
% le(®)ll =||Aw(t:) - Ae(t) = BT B)~ e Aa(t:) — B(cT B)~' Ksigns(t:) + Bd(t)|
<llAlle®ll + | (4 = BETB) e ) a(ts)|| + 1B BY 7 K1l + 1| Blldmax
=[IAl eIl + p(llz:)) + 8-

The solution to the above differential inequality with initial condition e(¢;) = z(t;) — z(t;) = 0'is

Aot + B ¢ aties
le(@®Il < T (e\lAH<t t) _ 1) .

At the triggering instant the error equals m. So,

oo < lle p(lz)l) + B SlAIT: _
< el 14 =g (41T ).

On rearrangement, it gives the lower bound for T;. It is seen that for any bounded region there
exists a 7 > 0 such that T; > 7. Thus, the proof is completed.
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SMC With Event-Triggering

Discussion

@ o must be selected to incorporate practical constraints
@ If 7yin represents the minimum time for control execution, then « should correspond to
T > Tetia
@ The triggering rule
llellllAllllell < oer

demands continuous state measurement, thus it needs dedicated hardware

1
| A\

Self-Triggering Mechanism

This triggering mechanism is motivated by the event-triggering mechanism and development is
based on it.

@ Does not require hardware circuit to evaluate triggering condition
@ Triggering instant is determined from previous sampled instant

@ It is more feasible

@ The self-triggering mechanism can be given as

tiy1 = +7 n(

Al IICII(p(IIw( )l + B))

This self-triggering scheme always guarantees positive lower bound for inter execution time
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SMC With Event-Triggering

Example: Event-Triggering

(t) = [ ° ! ]x(t)—f— { 0 }(u(t)-&-O.Ssin(lOt)).

We design c = [0.5 1], K = 0.65, « = 0.5, 0 = 0.85.

—T

a1
0
-1 -1
-2 -2,
] 5 10 15 20 25 -1 1) 1 2 3 4
Time (sec) o
(a) (b)

Figure: Performance of event-triggered SMC
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SMC With Event-Triggering

Example: Event-Triggering

(t) = [ ° ! ]x(t)—f— { 0 }(u(t)-&-O.Ssin(lOt)).

We design c = [0.5 1], K = 0.65, « = 0.5, 0 = 0.85.
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Figure: Performance of event-triggered SMC
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© Global Event-Triggered Sliding Mode
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Properties of Triggering Mechanism

@ An event-triggered system with SMC is said to have robust global event-triggering property if

inf T; >ap.
zER™
i€Z5
ld(t)|<do

@ An event-triggered system with SMC is said to have robust semi-global event-triggering
property if for any set D in R,

inf T; > arp.
zeDCR™
€250
ld(t)|<do

@ An event-triggered system with SMC is said to have robust local event-triggering property if
for some subset X in D C R",

inf T > ar.
z€DNX,X CDCR™
€25
ld(t)|<do
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@ From the above definition, we see that the triggering mechanism
tiyr =inf {t > t; : |lc[[[|Alllle®)]| 2 oa}

has robust semi-globally property. This can be concluded from

1 «
Tizmln(“”m)'
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@ From the above definition, we see that the triggering mechanism
tiyr =inf {t > t; : |lc[[[|Alllle®)]| 2 oa}

has robust semi-globally property. This can be concluded from

1 «
Tizmln(“”m)'

@ The event-triggering mechanism can be designed to achieve globally robust stability of the
event-triggered system.
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Global Event-Triggered System

Global Triggering Rule

tipr =inf{t:¢ > &, [l Alllle(®)]] = o(lz(t)] + )}
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Global Event-Triggered System
Global Triggering Rule

tipr =inf{t:¢ > &, [l Alllle(®)]] = o(lz(t)] + )}

Sliding Mode Control
The SMC for the global stability of event-triggered system is

| \

u(t) = (" B)~* (cT Aa(t:) + K(o(t:))signs(t)) , ¢ € [ty tis)
The switching gain K (z(¢;)) must satisfiy the following
@ K(z(t;)) > | B|d(t)forall t > 0,
Q K(z(t;)) > ||l=(t:)|| + aforall t > 0.

We select it as
K(z(t:)) = K1 + Ka||z(t)]]

with K1 > |¢7 B| dmax + o and K > 1.
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Global Event-Triggered System

Theorem
Let « > 0 such that

)JAe(t)] <zl +a,  t>0.
Then, SMC guarantees that the sliding trajectory remains within a band

{oerm: [cTa| < @+ llo@IAl}

K((t:)) > sup [T Bd()| + a(t:)]| + o
t>0
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Global Event-Triggered System

Theorem
Let a > 0 such that

)JAe(t)] <zl +a,  t>0.
Then, SMC guarantees that the sliding trajectory remains within a band

{oerm: [cTa| < @+ llo@IAl}

K((t:)) > sup [T Bd()| + a(t:)]| + o
t>0

Consider the Lyapunov function V' (s) = 3 s2. Differentiating V along the system trajectory

1
2

= s(t) (cTAx(t) —c" Ax(t;) — Kysigns(t;)
— Ko||z(t;)||signs(t;) + cTBd).

V(s(t))
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Proof
Recalling e(t) = z(¢;) — =(¢) and reducing the above further,

V((t)) = —s(t)c" Ae(t) — s(t)Kisigns(t;) — s(t) Kal|z(t;)||signs(;) + s(t)c | Bd(t)
< [s@lllz(ta)ll + [s®)|a — s(t) Kisigns(ts) — s(t) Ka |z (ts)||signs(t:)

+ [s()] [eT B| dmax.
Until the sliding manifold is reached, we have signs(¢;) = signs(t). So,
V(s(0) < s®lla(ta)]| + ls@la = s(@) 1K1 = s®)|Kallo(to)]) + 50 [¢7 B| dimax
= —ls(®)] (K1 — a— |c7 B| dmax) = Is()] (K2 = 1) [lz(t:)]
< —|s(t)| (K1 — = ’cTB‘ dmx)
< —nls(®)|

for some n > 0. This shows the manifold is attractive.

Once the trajectory reaches the manifold, it may cross it as the control is not updated. But the
trajectory remains bounded due to triggering mechanism.
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Calculating the maximum deviation of sliding trajectory

ls(t:) — s(t)| = ‘cTch(ti) _ cTac(t)‘

< lelllle®l
o+ [lz@)|l
Al

Thus, the sliding mode band can be obtained for the case s(t¢;) = 0. Thus, the proof is completed.
v
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Global Event-Triggered SMC

Theorem
Let {t;}5°, be the sequence of triggering instants generated by the global triggering rule. Then,

, (140 et +a
7> e (U o et £

where p(||z(¢;)]|) and « are defined as

plle)l) = (|4 = BB 4|+ | BT B)" ka2 )) llato)l

and

K= HB(JB)—IIQH + || Blldmax.
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Global Event-Triggered SMC

Theorem
Let {t;}5°, be the sequence of triggering instants generated by the global triggering rule. Then,

, (140 et +a
7> e (U o et £

where p(||z(¢;)]|) and « are defined as

plllel) = (|4 - Be™B)teT Al + || BT B) " K ) llz(ta)

and

K= HB(JB)—IIQH + || Blldmax.

@ SeethatT; > 7 forsome = > 0 and all x € R™
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To show that T is strictly lower bounded from zero, we find
de(t) H B ‘ da(t) H

dt |||l dt

= HA:Jc(t) — B(c"B)~teT Ax(t;) — B(cTB)~! (K1 + Ka|lo(t;)]]) signs(t:) + Bd(t)H

d
—|le(®)]] <
Sl <|

< HAz(ti) — Ae(t) — B(cT B)~"cT Ax(t;) — B(cT B)~1 Kisigns(t;)
— B(c" B)" Ky ||z(t:)||signs(t;) + Bd(t)H
< lAlllle®l + 1A = B(c" B)~ e Allllz(ta)ll + | B(c" B) ™' Ka|ll|lz(ta)|l

+11B(e" B) " K| + || Blldmax
= [Allle@®Il + p(llx(@)ID) + #-
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To show that T is strictly lower bounded from zero, we find
de(t) H B ‘ da(t) H

dt |||l dt

= HA:Jc(t) — B(c"B)~teT Ax(t;) — B(cTB)~! (K1 + Ka|lo(t;)]]) signs(t:) + Bd(t)H

d
—|le(®)]] <
Sl <|

< HAz(ti) — Ae(t) — B(cT B)~"cT Ax(t;) — B(cT B)~1 Kisigns(t;)
— B(c" B)" Ky ||z(t:)||signs(t;) + Bd(t)H
< lAlllle®l + 1A = B(c" B)~ e Allllz(ta)ll + | B(c" B) ™' Ka|ll|lz(ta)|l

+11B(e" B) " K| + || Blldmax
= [Allle@®Il + p(llx(@)ID) + #-

Solving the above differential inequality with |le(¢;)|| = 0,

p(llz(t)) + % .
eIl < Vi (eHAH<t t) _ 1)

fort € [tl‘, ti+1).
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At the triggering instant,

ozl +a) _ plle)) + 5 [ ajz,
Ty Ry C ).

On rearrangement, it gives the lower bound for inter event-time. Thus, the proof is completed.
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SMC With Global Event-Triggering

i(t) = [ 1 s ]z(t)+[ 1 }(u(t)+0‘5sin(10t)).

We design ¢ = [0.5 1], K1 = 0.7, Kz = 1.2, = 0.5, 0 = 0.85.
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Figure: Performance of event-triggered SMC
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SMC With Global Event-Triggering

0

1 (u(t) + 0.5sin(10t)) .

We designc=[0.5 1], K1 =0.7, K =12, = 0.5, 0 = 0.85.
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Figure: Performance of event-triggered SMC
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Outline

° Conclusion
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Event-Triggered SMC

@ In event-triggered SMC, the steady-state bound can be designed as per any desired value

@ Robust system performance is also achieved
@ This strategy can be extended to nonlinear systems

@ Global stability of the event-triggered system is also obtained by designing the
event-triggering rule
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Thank you for
Attention

Questions?
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