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RESUMO 

 

 

SAMYN, Leandro Marques. Modelagem da Dinâmica do Sistema de Controle de Lastro de 

uma Plataforma Semisubmersível. 2010. 85 f. Dissertação (Mestrado em Sistemas 

Inteligentes e Automação) – Faculdade de Engenharia, Universidade do Estado do Rio de 

Janeiro, Rio de Janeiro, 2010. 

 

 

É descrita a modelagem, para controle, da dinâmica de uma plataforma 

semisubmersível com seis graus de liberdade. O modelo inclui os efeitos dos tanques de lastro 

como forças e momentos, assim como a dinâmica da plataforma. Os parâmetros do sistema 

foram obtidos das características da plataforma e de resultados experimentais obtidos com 

uma plataforma semisubmersível de dimensões reduzidas. 

O desenvolvimento de uma metodologia e de um software capazes de determinar o volume 

submerso e o centro de empuxo de uma estrutura com geometria complexa foram pontos 

determinantes nessa Dissertação, tendo em vista a complexidade do processo e as 

importâncias desses parâmetros para o desenvolvimento do modelo. 

A linearização do modelo permitiu a elaboração de uma estratégia de controle capaz de 

estabilizar a plataforma mesmo em condições iniciais distantes do equilíbrio. 

As equações que descrevem o movimento da plataforma nos graus de liberdade vertical, jogo 

e arfagem foram desenvolvidas. A realocação dos polos e um observador de estado foram 

utilizados com o objetivo de melhorar o controle do sistema. 

 

Palavras-chave: Modelo dinâmico. Controle de lastro. Plataforma semisubmersível.  

Sistemas marítmos. Sistemas mecânicos. Identificação de parâmetros. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

ABSTRACT 

 

 

A six degrees of freedom dynamic model for the development of ballast control 

systems for semisubmersible platforms is described. The model includes the effects os the 

ballast tanks such as weights, moments ans inertias as well as the platform dynamic. System 

parameters are computed from physical characteristics of the platform and from experimental 

results obtained with a small semisubmersible platform. 

The development of a methodology and software capable of determining the immersed 

volume and center of buoyancy of a structure with complex geometry are points, wich in this 

M. Sc. Dissertation, in view of the complexity of the process and importance of these 

parameters for model development. 

The linearization of the model allowed the development of a control strategy capable of 

stabilizing the semisubmersible platform in initial conditions far from the balance. 

The equations describing the motion of the platform in the vertical, roll and pitch degrees of 

freedom have been developed. The relocation of the poles and an observer of state were used 

in order to improve the control system. 

 

Keywords: Dynamic moddeling. Ballast control. Semisubmersible platform. Marine systems. 

Mechanical systems. Identification parameters. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

LISTA DE FIGURAS 

 

 

Figura 1 – 

 

Figura 2 – 

 

Figura 3 – 

 

Figura 4 – 

 

Figura 5 – 

 

Figura 6 – 

 

 

Figura 7 – 

 

 

Figura 8 – 

 

 

Figura 9 – 

 

 

Figura 10 – 

 

Figura 11 – 

 

Figura 12 – 

 

Figura 13 – 

 

 

Tipos de plataformas............................................................................... 

 

Diagrama do transdutor de profundidade................................................ 

 

Plataforma semisubmersível de dimensões reduzidas............................ 

 

Diagrama em blocos do sistema de controle........................................... 

 

Sistema de coordenadas..........................................................................   

 

Inclinação da plataforma em relação ao ângulo θ, considerando 

Φ=Ψ=0 graus.......................................................................................... 

 

Inclinação da plataforma em relação ao ângulo Φ, considerando  

θ =Ψ=0 graus.......................................................................................... 

 

Rotação da plataforma em relação ao ângulo Ψ, considerando  

Φ= θ =0 graus.......................................................................................... 

 

Forças e momentos na plataforma: (a) Plataforma em equilíbrio e 

(b) Momento restaurador da plataforma................................................. 

 

Modelo linear das bombas de água........................................................ 

 

Centro de gravidade do tanque de lastro 1............................................. 

 

Plataforma semisubmersível decomposta em tetraedros....................... 

 

Tetraedro................................................................................................ 

 

 

16 

 

21 

 

22 

 

23 

 

25 

 

 

26 

 

 

27 

 

 

27 

 

 

31 

 

36 

 

37 

 

40 

 

40 

 

 



 

 

 

Figura 14 – 

 

 

Figura 15 – 

 

Figura 16 – 

 

Figura 17 – 

 

Figura 18 – 

 

Figura 19 – 

 

Figura 20 – 

 

Figura 21 – 

 

Figura 22 – 

 

 

Figura 23 – 

 

 

Figura 24 – 

 

 

Figura 25 – 

 

Figura 26 – 

 

 

 

 

(a) é o cubo decomposto em tetraedros e (b) a (f) cada tetraedro que o 

compõe.................................................................................................... 

 

Centróide do cubo (rb) ............................................................................ 

 

Centróide do tetraedro (rbq) .................................................................... 

 

Figura-Intersecção da aresta do tetraedro com o plano da água.............. 

 

Tetraedro com um vértice submerso....................................................... 

 

Tetraedro com três vértices submersos................................................... 

 

Tetraedro com dois vértices submersos.................................................. 

 

Tetraedro completamente submerso........................................................ 

 

Volume submerso e coordenadas do centro de empuxo em função da 

profundidade-(Φ,θ,Ψ=0
o
)....................................................................... 

 

Volume submerso e coordenadas do centro de empuxo em função do 

ângulo de jogo........................................................................................ 

 

Volume submerso e coordenadas do centro de empuxo em função do 

ângulo de arfagem.................................................................................. 

 

Movimento vertical da plataforma.......................................................... 

 

Nível nos tanques de lastro quando degraus unitários foram aplicados 

nas bombas de lastro em t = 2s, durante os testes realizados para o 

artigo do CBA......................................................................................... 

 

 

 

42 

 

43 

 

44 

 

45 

 

46 

 

47 

 

48 

 

49 

 

 

53 

 

 

54 

 

 

54 

 

56 

 

 

 

58 



 

 

 

Figura 27 – 

 

 

 

Figura 28 – 

 

 

 

Figura 29 – 

 

 

Figura 30 – 

 

 

 

Figura 31 – 

 

 

 

Figura 32 – 

 

 

 

Figura 33 – 

 

 

 

Figura 34 – 

 

Figura 35 – 

 

 

 

Nível nos tanques de lastro quando degraus unitários foram aplicados 

nas bombas de lastro em t = 2s, durante os testes realizados para o 

artigo do CBA......................................................................................... 

 

Movimento de arfagem da plataforma com a variação dos volumes 

dos tanques de lastro 1 e 3 de 8,8x10
-5

m
3
 para 1,4x10

-4
m

3
 e com os 

volumes dos tanques 2 e 4 mantidos em 8,8x10
-5

m
3
............................... 

 

Volumes dos tanques 1 e 3 alterados de 8,8x10
-5

m
3
 para 1,4x10

-4
m

3
 e 

os volumes dos tanques 2 e 4 mantidos em 8,8x10
-5

m
3
.......................... 

 

Movimento de arfagem da plataforma com a variação da inclinação da 

plataforma em -8
o
 e com o volume dos tanques de lastro mantidos em 

8,8x10
-5

m
3
............................................................................................... 

 

Movimento de jogo da plataforma com a variação dos volumes dos 

tanques de lastro 2 e 4 de 8,8x10
-5

m
3
 para 3,0x10

-4
m

3
 e com os 

volumes dos tanques 1 e 3 mantidos em 8,8x10
-5

m
3
.............................. 

 

Bombas dos tanques de lastro quando os volumes dos tanques 2 e 4 

foram alterados de 8,8x10
-5

m
3
 para 2,64x10

-4
m

3
 e os volumes dos 

tanques 1 e 3 foram mantidos em 8,8x10
-5

m
3
........................................ 

 

Movimento de jogo da plataforma com a variação da inclinação da 

plataforma em -13
o
 e com o volume dos tanques de lastro mantidos 

em 8,8x10-5m
3
........................................................................................ 

 

Modelo da plataforma em espaço de estado............................................ 

 

Modelo no espaço de estado do movimento de calado.......................... 

 

 

 

 

 

58 

 

 

 

59 

 

 

60 

 

 

 

60 

 

 

 

61 

 

 

 

62 

 

 

 

63 

 

65 

 

68 

 



 

 

 

Figura 36 – 

 

Figura 37 – 

 

Figura 38 – 

 

Figura 39 – 

 

Figura 40 – 

 

Figura 41 – 

 

Figura 42 – 

 

Figura 43 – 

 

Figura 44 – 

 

Figura 45 – 

 

Figura 46 – 

 

 

Figura 47 – 

 

 

Figura 48 – 

 

Figura 49 – 

 

 

 

 

Resposta do sistema no movimento vertical: modelo linear................... 

 

Resposta do sistema no movimento vertical: modelo não linear............ 

 

Modelo no espaço de estado do movimento de jogo.............................. 

 

Resposta do sistema no movimento de jogo: modelo linear................... 

 

Resposta do sistema no movimento de jogo: modelo não linear............ 

 

Modelo no espaço de estado do movimento de arfagem........................ 

 

Resposta do sistema no movimento de arfagem: modelo linear............ 

 

Resposta do sistema no movimento de arfagem: modelo não linear..... 

 

Modelo no espaço de estado em malha fechada.................................... 

 

Modelo do sistema com três graus de liberdade.................................... 

 

Resposta do sistema no grau de liberdade vertical com uma entrada 

em degrau................................................................................................ 

 

Resposta do sistema no grau de liberdade vertical ao distúrbio 

aplicado................................................................................................... 

 

Modelo no espaço de estado em malha fechada com observador........... 

 

Resposta no grau de liberdade do calado com observador de estado 

com entrada em degrau: modelo linear................................................... 

 

 

 

69 

 

69 

 

70 

 

71 

 

71 

 

72 

 

73 

 

73 

 

75 

 

77 

 

 

78 

 

 

78 

 

79 

 

 

80 

 



 

 

 

Figura 50 – 

 

 

Figura 51 – 

 

Figura 52 – 

 

Figura 53 – 

 

Figura 54 – 

 

 

Resposta no grau de liberdade do calado com observador de estado 

com entrada em degrau: modelo não linear............................................ 

 

Resposta do sistema à uma perturbação no jogo: modelo linear............. 

 

Resposta do sistema à uma perturbação no jogo: modelo não linear...... 

 

Resposta do sistema à uma perturbação no arfagem: modelo linear....... 

 

Resposta do sistema à uma perturbação no arfagem: modelo não linea. 

 

 

 

81 

 

81 

 

82 

 

82 

 

83 

 

 

 



 

LISTA DE TABELAS 

 

 

Tabela 1 – 

 

 

 

Tabela 2 – 

 

 

Tabela 3 – 

 

 

Tabela 4 – 

 

 

Tabela 5 – 

 

 

Tabela 6 – 

 

 

 

 

 

Volume de alguns poliedros bem definidos, onde a é a aresta, r é o raio, h é 

a altura, l é o comprimento e A é a área da 

base.................................................................................................................. 

 

Parâmetros obtidos da geometria da plataforma e das condições 

iniciais.............................................................................................................. 

 

Parâmetros obtidos de resultados experimentais e de simulações para o grau 

de liberdade vertical........................................................................................ 

 

Parâmetros obtidos dos testes com as bombas dos tanques de 

lastro................................................................................................................ 

 

Parâmetros obtidos de resultados experimentais e de simulações do 

movimento de arfagem................................................................................... 

 

Parâmetros obtidos de resultados experimentais e de simulações do 

movimento de jogo.......................................................................................... 

 

 

 

 

39 

 

 

57 

 

 

57 

 

 

59 

 

 

61 

 

 

63 

 

 

 

 

 



 

SUMÁRIO 

 

 

 

 

 

 

 

 

 

1 

 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

1.10 

1.11 

2 

 

2.1 

2.2 

2.3 

2.3.1 

2.3.2 

2.3.3 

2.3.4 

2.3.5 

 

 

INTRODUÇÃO.............................................................................................. 

Objetivos desta Dissertação........................................................................... 

Motivação para o desenvolvimento desta Dissertação................................ 

Descrição da plataforma semisubmersível................................................... 

Medição de nível e de profundidade de penetração da plataforma........... 

Descrição dos transdutores............................................................................ 

Transdutores de inclinação............................................................................... 

MODELAGEM DA DINÂMICA DA PLATAFORMA 

SEMISUBMERSÍVEL................................................................................... 

Parâmetros para modelagem......................................................................... 

Sistemas de coordenadas................................................................................ 

Transformação de coordenadas.................................................................... 

Equação da dinâmica da plataforma............................................................ 

Peso e flutuação............................................................................................... 

Matriz de Coriolis........................................................................................... 

Amortecimento hidrodinâmico..................................................................... 

Efeito superfície livre..................................................................................... 

Matriz de inércias.......................................................................................... 

Modelo das bombas de lastro........................................................................ 

Modelo dos tanques de lastro........................................................................ 

CÁLCULO DO VOLUME SUBMERSO E DO CENTRO DE 

EMPUXO........................................................................................................ 

Cálculo do volume.......................................................................................... 

Cálculo do centróide e do momento de primeira ordem............................. 

Cálculo do volume submerso de cada tetraedro.......................................... 

Intersecção da aresta com o plano da água....................................................... 

Tetraedro com um vértice submerso................................................................ 

Tetraedro com três vértices submerso.............................................................. 

Tetraedro com dois vértices submerso............................................................. 

Tetraedro completamente submerso................................................................. 

 

 

16 

18 

19 

19 

20 

20 

21 

 

24 

24 

25 

26 

28 

30 

32 

33 

33 

34 

35 

36 

 

39 

41 

43 

44 

45 

46 

46 

47 

48 



 

 

 

2.3.6 

2.3.7 

2.4 

2.5 

 

2.6 

3 

 

3.1 

3.2 

3.3 

3.4 

4 

4.1 

4.2 

4.3 

4.4 

4.5 

4.6 

4.6.1 

4.7 

4.8 

5 

 

 

 

Tetraedro completamente emerso.......................................................................... 

Volume submerso e centro de empuxo da plataforma........................................... 

Algoritmo para cálculo do volume submerso e do centro de empuxo............ 

Detalhes do algoritmo para cálculo do volume submerso e do centro de 

empuxo................................................................................................................... 

Resultados computacionais................................................................................. 

DETERMINAÇÃO DOS PARÂMETROS DA DINÂMICA DA 

PLATAFORMA................................................................................................... 

Determinação dos parâmetros para o grau de liberdade vertical.................. 

Determinação dos parâmetros das bombas dos tanques de lastro................. 

Determinação dos parâmetros para o movimento de arfagem....................... 

Determinação dos parâmetros para o movimento de jogo.............................. 

CONTROLE POR REALIMENTAÇÃO DE ESTADO................................. 

Linearização......................................................................................................... 

Acoplamento dos sinais de controle................................................................... 

Equação de espaço de estado do movimento vertical....................................... 

Equação de espaço de estado para o movimento de jogo................................. 

Equação de espaço de estado para o movimento de arfagem.......................... 

Realocação dos pólos do sistema......................................................................... 

Controlabilidade do sistema................................................................................... 

Cálculo do ganho de realimentação................................................................... 

Observador de estado.......................................................................................... 

CONCLUSÕES.................................................................................................... 

REFERÊNCIAS................................................................................................... 

 

 

 

48 

49 

49 

 

51 

53 

 

55 

55 

57 

58 

60 

64 

65 

67 

67 

69 

71 

73 

75 

76 

79 

84 

86 

 

 

 



161615

 !"#$%&'�$ !"#!$ %!&'(!)! !%(*+*&"!,' %*$! )!"(-. *&*(/0"-
! )#&,-!$2 (*3'(4! ! -,0-! ,* 5#* ! ,*%*&,6&
-! ,!+/(!&,*+ (*+*(7!+ ,* %*"(8$*' !-&,! (*7*$! #)! /(!&,* %(*'
#%!49':; ,*%*&,6&
-! )#&,-!$ ,' %*"(8$*' 
')' %(-&
-%!$ 3'&"* *&*(/0"-
! * ,* '#"('+ ,*(-7!,'+2 !-&,! <'=*2$*7! ! #)! >#+
! -&
*++!&"* %'( &'7'+ ?>'$+@*+?,* 8$*' 5#* (*%(*+*&"*) #)! 
'&+-,*(A7*$ 3'&"* ,*++!(-5#*.!: B' *&"!&"'2 '+ !"#!-+ !
'&"*
-)*&"'+ )'+"(!) 5#* *++!+ 3'&"*+ *+"9' $'
!$-.!,!+ *) (*/-@*+ &'!$"'C)!(2 -&8+%-"!+ * ,* !$"! %('3#&,-,!,*: ; *D%$'(!49' ,' %*"(8$*' &*++*+ 
!)%'+ )!(E"-)'+ F !"# $%G%',* +*( 3*-"! #"-$-.!&,'C+* %$!"!3'()!+ ,* %*"(8$*' ,' "-%'H ID!+2 !#"'C*$*7A7*-+2 ,* %*(&!+ !"-(!&"!,!+2+*)-C+#>)*(+E7*-+ * &!7-'+ ,' "-%' JKL F&' ()*+, -$ ./
)* + 1) $(,% (+. 23 (.*+,G2 
')' %',* +*(7-+"' &! J-/#(! M:N#!&,' +* "(!"! ,* A/#!+ %('3#&,!+ * #$"(!C%('3#&,!+2 ! #"-$-.!49' ,* >!(
'+ * %$!"!3'()!+ +*)-C

J-/#(! MH O-%'+ ,* %$!"!3'()!++#>)*(+E7*-+ !-&,! 0 ! P&-
! +'$#49' %!(! *++* "-%' ,* *D%$'(!49':K'( +* "(!"!(*) ,* *+"(#"#(!+ ,* 
#+"' )#-"' *$*7!,' * ,* ,-3E
-$ 
'&+"(#49'2 3!.C+* &*
*++A(-' ' #+' ,*+-+"*)!+ 5#* !#D-$-*) ! %(*+*(7!( * ! /!(!&"-( ! +*/#(!&4! * -&"*/(-,!,* ,*++!+ %$!"!3'()!+:Q) /*(!$2 *D-+"*) %$!"!3'()!+ +*)-C+#>)*(+E7*-+ ,* ,-3*(*&"*+ ,-)*&+@*+2 ,*+,* *+"(#"#(!+ ,* "!)!&<'
'$'++!$2 
')' &' 
!+' ,!+ #"-$-.!,!+ &! %(',#49' * !()!.*&!)*&"' ,* 8$*' * &'+ $!&4!,'(*+ ,* 3'/#*"*+2

16
16

16



171716 
"#" $%&'(&(')% #$*"'$%+ (&,-,.)/)% $# 0$1($*"% 2(,*/)%&$% $ 2$')/"'$% $3-,
"%45" 6')%,-+ ) 0',*
,0)- (&,-,.)78" /)% 0-)&)9"'#)% %$#,:%(;#$'%<=$,% > 
"#" 9$'')#$*&) *) $?0-"')78" $0'"/(78" /$ 0$&'3-$"+ &$*/" 
"#" '$9$'@*
,) #),"' ) A$&'3-$" 6')%,-$,'" B4C4 DA$&'";'E%F 1($ '$="-(:
,"*"( ) (&,-,.)78" /$%%$ &,0" /$ $%&'(&(') *" A)<%4A)') $*9'$*&)' " /$%)G" /) $?0-"')78" $# E2()% 0'"9(*/)% *" 6')%,-+ ) A$&'";'E% 
',"(+ $# HIJK+ (#2')*/$ 0'"2')#) &$
*"-32,
" " ALMNCA HOOO+ /$ /,#$*%8" #(-&,:,*%&,&(
,"*)-+ 
(P) #$&) 0',*
,0)- $')/$%$*="-=$' &$
*"-"2,) 0)') 0'"/(.,' 0$&'3-$" )&> HOOO #$&'"% /$ 0'"9(*/,/)/$4A)') $%%$ &,0" /$ $?0-"')78"+ ) A$&'";'E% 
"#$7"( ) (&,-,.)' )% 0-)&)9"'#)% %$#,:%(;#$'%<=$,%+ PE *)0',#$,') #$&)/$ /) />
)/) /$ JO+ 
"#" %,%&$#)% 0$'#)*$*&$% /$ 0'"/(78" $# E'$)% 
"# 0'"9(*/,/)/$%/$ E2() %(0$',"'$% )  OO #$&'"%4 Q%%) %"-(78" )0'$%$*&)=) 
(%&"% %$*%,=$-#$*&$ ,*9$',"'$% ) /$ "(&'"%%,%&$#)% 0)') $%%)% 0'"9(*/,/)/$%4 R$ 9)&"+ "% 
(%&"% /)% 0-)&)9"'#)% G?)% )(#$*&)# $?0"*$*
,)-#$*&$
"# '$-)78" ) 0'"9(*/,/)/$4 Q%%)% 0-)&)9"'#)% 9"')# )/"&)/)% *" 03-" 5"'/$%&$ /) 6)
,) /$ N)#0"%+0"'1($ ) 0'"9(*/,/)/$ #>/,) $') 0$1($*) DJO ) HOO #$&'"%F4 S)% 1()*/" %$ &')&"( /$ ,#0-)*&)' %,%&$#)%/$ 0'"/(78" $# 0'"9(*/,/)/$% %(0$',"'$% )  OO #$&'"% ) $#0'$%) '$
"''$( )" (%" /$ %,%&$#)% T(&()*&$%/$ 0'"/(78"4C% 0-)&)9"'#)% %$#,:%(;#$'%<=$,% %8" 
"#0"%&)% /$ (#) $%&'(&(') /$ (# "( #),% 
"*=$%$%+ )0",)/) 0"'
"-(*)% $# T(&()/"'$% %(;#$'%"%4 Q%%$% %,%&$#)% /$ 0'"/(78" T(&()*&$% 
"*%&)# ;)%,
)#$*&$ /$ (#)(*,/)/$ T(&()*&$ D%$#,%(;#$'%<=$- "( *)=,"F 
"# %,%&$#)% /$ 0'"
$%%)#$*&" $ 
"*&'"-$+  !"# " T$?<=$,%+-,*U)% /$ T(?"+ E'="'$% /$ *)&)- $ $%&!'()*" %(;#)',*"%+ *)=,"%:&)*1($ 0)') )'#).$*)#$*&" /$ 3-$" *)%0-)&)9"'#)% 1($ *8" 0"%%($# %,%&$#)% /$ )'#).$*)#$*&" $ #"*";3,)% /$ $%
")#$*&"4 M *)=,":&)*1($$ ) #"*";3,)% =$# %$*/" %(;%&,&(</"% 0"' "-$"/(&"%4V#) (*,/)/$ T(&()*&$ %"9'$ #"=,#$*&)7W$% /$=,/" X )78" /)% "*/)%+ 
"''$*&$% $ =$*&"%+ 
"# 0"%%,;,-,:/)/$ /$ /)*,G
)' "% $1(,0)#$*&"% ) %$'$# /$%
,/"% *" 0"7"4 A"' ,%%"+ &"'*):%$ *$
$%%E'," 1($ $-) G1($0"%,
,"*)/) *) %(0$'9<
,$ /" #)'+ /$*&'" /$ (# 
<'
(-" 
"# ')," /$ &"-$'Y*
,) /,&)/" 0$-"% $1(,0)#$*&"%/$ %(;%(0$'9<
,$+ "0$')78" $%&) ) %$' '$)-,.)/) $# -Y#,*) /ZE2()4 R",% &,0"% /$ %,%&$#) %8" '$%0"*:%E=$,% 0$-" 0"%,
,"*)#$*&" /) (*,/)/$ T(&()*&$[ " %,%&$#) /$ )*
"')2$# $ " %,%&$#) /$ 0"%,
,"*)#$*&"/,*Y#,
"4 C% 0-)&)9"'#)% /" &,0" %$#,:%(;#$'%<=$,% %$'8" " 0',*
,0)- )%%(*&" /$%&) R,%%$'&)78"4 A"' $%%)').8"+ 
"*&'"-)' " *<=$- /$ E2() *"% &)*1($% /$ -)%&'" > 9(*/)#$*&)-+ 0",% 0"%%,;,-,&) #)*&$' ) 0-)&)9"'#)$%&E=$- #$%#" $# 
"*/,7W$% )/=$'%)% 1($ 0"%%)# 2$')' /$%-"
)#$*&"% $ ,*
-,*)7W$% ,*/$%$PE=$,% $ )&>#$%#" 0'$P(/,
,),% ) "0$')78"4Q%%$% %,%&$#)% /$ 
"*&'"-$ /$ -)%&'" %8" )% 0-)&)9"'#)% %$#,:%(;#$'%<=$,% (&,-,.)/)% 
"#" -)*7)/"'$% /$9"2($&$% $ 2(,*/)%&$%4 R$%/$ " %$( ,*<
,"+ " 0'"P$&" /$ -)*7)' 
)'2)% \&$,% )" $%0)7" ) 0)'&,' /$ (#)0-)&)9"'#) /$ 0$&'3-$" 
"*=$'&,/) 0)') )0'"=$,&)' "% ;$*$9<
,"% 1($ ) 0'"?,#,/)/$ 
"# ) -,*U) /" $1()/"'"9$'$
$# %$ #"%&'"( 
"#0-$?"+ &)*&" /" 0"*&" /$ =,%&) &>
*,
" 
"#" -"2<%&,
"+ 
"# ,#0-,
)7W$% *"% 
(%&"%/$ "0$')78" DCU$)'*  OOJF4 5$%%$ 
)%" DSeaLaunchF " %,%&$#) /$ 
"*&'"-$ /$ -)%&'" )&() $# %,&()7W$%
'<&,
)% 
"#" *" /$%-"
)#$*&" /" 9"2($&$ /" U)*2)' 0)') ) ;)%$ /$ -)*7)#$*&" D/" -)/" "0"%&" /)0-)&)9"'#)F4 R(')*&$ $%%) "0$')78"+ )% ;"#;)% $ "% &)*1($% /$ -)%&'" /$=$# %$' 
)0).$% /$ 
"#0$*%)'$%%) 2')*/$ #(/)*7) *) /,%&',;(,78" /$ #)%%) /) 0-)&)9"'#)+ " 1($ 0"/$',) '$%(-&)' $# ,*
-,*)7W$% $)-&$')7W$% $# %() 0'"9(*/,/)/$4

17
17

17



181817 !" #"$%" &' ()*%+ &+ %'",)+ &' 
"$%,".'/ #.+%+0",1+* *'1)2*341',*5(')* *6" *)*%'1+* &)$71)
"* $6"2.)$'+,'* 83' *"0,'1 + )$93:$
)+ &' &)*%;,4)"* '*%"
<*%)
"* =>",&<$ ? !3@+ ABBCDE F$%,'%+$%"/ " 
"$%,".'&' .+*%," G @',+.1'$%' %,+%+&" 
"1" 31 #,"4.'1+ '*%<%)
" &' &)*%,)43)H6" &' #'*" =I"**'$ JKKJ/ L'H6" EJEMD/ &' %+. 0",1+ 83' + &)$71)
+ &+ #.+%+0",1+ #"&' *', &'*#,'N+&+/ ()*%" 83' " 
"1#",%+1'$%" &"*)*%'1+ G 13)%" .'$%"E O1+ 'P
'H6" G " *)*%'1+ &' 
"$%,".' &' .+*%," +3%"1<%)
" &' +.%+ ('."
)&+&'&'*'$(".()&" #", =Q.3@ ABRBD #+,+ @3)$&+*%'* *'1)2*341',*5(')*EQ.3@ "4*',("3 83' )$*%+.+HS'*  !"# $% +**"
)+&+* 
"1 + #,"&3H6" &' T.'" %)(',+1 *'3 %+1+$U" +1#.)2+&" #+,+ +31'$%+, *3+ 
+#+
)&+&' &' *3*#'$&', '83)#+1'$%"* 1+)* #'*+&"*E V" W".0" &" XGP)
" 0",+1'$
"$%,+&"* @3)$&+*%'* ',@3)&"* *"4,' 4+,
"* 83' %)$U+1 31+ 
+#+
)&+&' ,+N"<('. $+ ,'+.)N+H6" &'**'*%,+4+.U"*E V"* 1+,'* &" V",%'/ #", "3%," .+&"/ + 3%).)N+H6" &'**' %)#" &' '*%,3%3,+ %",$"32*' 1+,@)$+.EY.@31+* 1'.U",)+* 0",+1 0')%+* $+ 3%).)N+H6" &' 4+,
"* +&+#%+&"* 
"1 @3)$&+*%'*/ 1+* *'3 &'*'1#'$U"&3,+$%' 31 +$" &' %,+4+.U" '1 <@3+* U"*%)* 0") )$*3Z
)'$%'E F*%' 0+%"/ .'("3 +" &'*'$(".()1'$%" &''*%,3%3,+* *)1).+,'* [* #.+%+0",1+* *'1)2*341',*5(')* 
"1 @3)$&+*%'* +&+#%+&"* ' 
+#+N'* &' ,'+.)N+,'**+* +%)()&+&'* +#,'*'$%+$&" 31 &'*'1#'$U" 1'.U",E \", *' %,+%+,'1 &' '*%,3%3,+* 
"1 03$
)"$+.)&+&'&)0','$%' &+* #.+%+0",1+* *'1)2*341',*5(')* 
"$('$
)"$+)*/ + &)$71)
+ &" 1"&'." G '**'$
)+. ]< 83' +*13&+$H+* $"* $5(')* &"* %+$83'* &' .+*%," &'('1 *', ,<#)&+* " *3Z
)'$%' #+,+ 1+$%', + #.+%+0",1+ '83)2.)4,+&+ &3,+$%' +* "#',+HS'* &' .'(+$%+1'$%" &' 
+,@+*EY.@3$* 1"&'."* 
+#+N'* &' ,'#,'*'$%+, 31+ #.+%+0",1+ *'1)2*341',5('. 0",+1 '$
"$%,+&"* $+ .)%',+%3,+
"1"/ #", 'P'1#."/ " 
"$%,".+&", &'*'$(".()&" #", =!+1'$/ I+.^3* ? _"3`'.* ABBMD #+,+ 31+ #.+%+0",1+93%3+$%'/ '83)#+&+ 
"1 31 @3)$&+*%'/ 83' 0") 4+*'+&" '1 31 *)*%'1+ &)$71)
"/ .)$'+, ' 
"1 1;.%)#.+*'$%,+&+* ' *+5&+*E F**' *)*%'1+ #"&)+ *', &'*
,)%" #", %,:* *)*%'1+* &' *'@3$&+ ",&'1/ 
"1 +#'$+* 31+'$%,+&+ ' 31+ *+5&+ ' &'*+
"#.+&"* '$%,' *)E V'*%+ !)**',%+H6" &' X'*%,+&"/ 31 1"&'." &)$71)
"/ $6"2.)$'+, ' 
"1 *')* @,+3* &' .)4',&+&'/ 4+*'+&" $" 1"&'." +#,'*'$%+&" '1 =I"**'$ JKKJ/ a+#5%3."  D/ 0")&'*'$(".()&" #+,+ + *)13.+H6" &" *)*%'1+ &' 
"$%,".' &' .+*%," &' 31+ #.+%+0",1+ *'1)*341',*5('. 
"131+ &)$71)
+ 
"$*)&',+('.1'$%' ,<#)&+E !"#$%&'( )#($* +%((#,$*-.'Y 1"&'.+@'1 &+ &)$71)
+ &' #.+%+0",1+* *'1)2*341',*5(')* &' #'83'$" ' 1G&)" #",%' G 03$&+1'$%+./]< 83' " *)*%'1+ &' 
"$%,".' &' .+*%," &'**+* #.+%+0",1+* &'(' *', ,<#)&" " *3Z
)'$%' #+,+ @+,+$%), *3+'*%+4).)&+&'E b 1"&'." &'*'$(".()&" +#,'*'$%+ *')* @,+3* &' .)4',&+&'/ 
"$%'1#.+$&" " &'*."
+1'$%" &+#.+%+0",1+ $"* #.+$"* U",)N"$%+. ' (',%)
+./ +.G1 &' *3+ +%)%3&'Eb 1"&'." %',< *'3 &'*'1#'$U" +(+.)+&" #", 1')" &' *)13.+HS'*Eb &'*'$(".()1'$%" &' 31 +.@",)%1" ,'*#"$*<('. #'." 
<.
3." &" (".31' *341',*" ' &" 
'$%," &' '1#3P"/03$&+1'$%+)* #+,+ + 1"&'.+@'1/ 0") &'*'$(".()&"E \"**)4).)%+$&" + ,<#)&+ "4%'$H6" &'**'* #+,71'%,"*&' 1+$'),+ +
3,+&+/ #,"
'&)1'$%" '**'$
)+. #+,+ " &'*'$(".()1'$%" &" 
"$%,".+&",Eb #,"]'%" &' 31 "4*',(+&", &' '*%+&"/ 
"1 " "4]'%)(" &' 1'.U",+, " &'*'1#'$U" &" 
"$%,".+&", )12#.'1'$%+&" $+ #.+%+0",1+/ %'$&" '1 ()*%+ +* .)1)%+HS'* &" 
"$%,".+&", 
"1 + 'P)*%:$
)+ &' #+,71'%,"*

18
18

18



191918 !"#$%$&'!"(#)*+,* $-.$&!'$"%)* &$(/!0(#)* $"1)/1$' ( ./(%(2)&'( $' #!1$&*(* *!%3(45$* $ 2)&(' &$(/!0(#)* ") 6(7)8&(%9&!) #$ :9*8;&(#3(4<) $' =">$"?(&!( =/@%&!
( BPELC+ !"#$%&'! (%)% ! *+,+-$!.$#/+-"! 0+,"% *#,,+)"%&'!D $*
)/?( #) ')#$/) #$ ./(%(2)&'( #$1$8*$ E "$
$**!#(#$ 
(#( 1$0 '(!)& #$ ./(%(2)&'(* 
)' 
(.(
!#(#$#$ $-./)&(4<) $' F>3(* .&)23"#(*G %$"#) $' 1!*%( H3$ $**$ %!.) #$ $-./)&(4<) 1$' *$"#) 
(#( 1$0 '(!*3%!/!0(#) $' %)#) ) '3"#)+ I) J&(*!/G ( #$*
)7$&%( #( $-!*%K"
!( #$ &$*$&1(%9&!)* "(* 
('(#(* #$")'!8"(#(* .&@8*(/ ')%!1)3 ( 73*
( $ ( .&)#34<) #$ .$%&9/$) $ >F* $' F>3(* 
(#( 1$0 '(!* .&)23"#(*+D ).4<) .$/) $*%3#) #$ 3'( ./(%(2)&'( *$'!*37'$&*L1$/ () !"1@* #$ 3'( M:N, #$1$8*$ ( 
)"%!"3!#(#$#$ 3' $*%3#) OF &$(/!0(#) $' )3%&(* )
(*!5$* $' H3$ ) 
)"%&)/$ #( ./(%(2)&'( *$'!8*37'$&L1$/ 2)! 
3!#(8#)*('$"%$ $*%3#(#)+I$*%( P!**$&%(4<)G ( P!"Q'!
( #( ./(%(2)&'( $ #)* *$3* %("H3$* #$ /(*%&) 2)! 
3!#(#)*('$"%$ $*%3#(#(G73*
("#)8*$ 3' ')#$/) 
(.(0 #$ &$.&)#30!& $ 3' *!*%$'( #$ 
)"%&)/$ 
)' 3'( #!"Q'!
( &F.!#( ) *3R8
!$"%$ .(&( 
)"%&)/(& ) "L1$/ #$ E>3( ")* *$3* %("H3$* #$ /(*%&)+I(* ./(%(2)&'(* *$'!8*37'$&*L1$!* #$ >&("#$ .)&%$G 3' ')#$/) 7$' *!'./$* B/$1("#) $' 
)"*!#$&(4<)(.$"(* *$3 ')1!'$"%) ") ./(") 1$&%!
(/C 
)*%3'( *$& (#)%(#)G.)!* 
)"*!#$&( H3$ $**(* ./(%(2)&'(* (.&$8*$"%(' 3'( #!"Q'!
( '3!%) /$"%(G .)& *$&$' #$'(*!(#('$"%$ .$*(#(* $ $*%(&$' ("
)&(#(*G ) H3$ &$#30*3( ')7!/!#(#$ ") ./(") ?)&!0)"%(/+S' (&%!>) BN('T" U V3"?( WXXYC 2)! $*
&!%) ( .(&%!& #$**( P!**$&%(4<) $ (.&$*$"%(#) $' 3' 
)">&$**)!"%$&"(
!)"(/+*+,
)#&'! 0% 2.%"%3!)/% 4+/#,56/+),7$+.D $*%&3%3&( #( ./(%(2)&'( 
)"*!#$&(#( "$*%( P!**$&%(4<) @ 7(*$(#( "(* ./(%(2)&'(* *$'!8*37'$&*L1$!*3%!/!0(#(* "( $-./)&(4<) $ .&)#34<) #$ .$%&9/$) BM!>+ ZC+ =/( @ $H3!.(#( 
)' H3(%&) %("H3$* #$ /(*%&)G
(#( 3' 
)"$
%(#) ( #3(* 7)'7(* #$ F>3(G 3'( .(&( !"O$%(& $ )3%&( .(&( #&$"(& ( F>3( #) !"%$&!)&#)* %("H3$*+ N<) R-(#)* "( .(&%$ *3.$&!)& #( ./(%(2)&'( )*  !"#$!% .(&( )* ')%)&$* $ )* 
!&
3!%)* #$
)"#!
!)"('$"%) #$ *!"(!* BM)&%$* WXX[C+ \3(%&) %&("*#3%)&$* B#)!* .K"#3/)* .(&( '$#!& (* !"
/!"(45$*#( ./(%(2)&'(G Q">3/)* #$ (&2(>$' $ #$ O)>)G 3' %&("*#3%)& .(&( '$#!& ( .&)23"#!#(#$ #$ .$"$%&(4<)#( ./(%(2)&'( "( F>3( $ 3' %&("*#3%)& #$ &$2$&K"
!(G *<) 3%!/!0(#)* .(&( )7%$"4<) #$ #(#)* &$/(%!1)* ().)*!
!)"('$"%) $ E (%!%3#$ #( ./(%(2)&'(+ , "L1$/ #$ F>3( $' 
(#( %("H3$ #$ /(*%&) %('7@' @ '$#!#)+D**!'G $*%$ @ 3' *!*%$'( '3/%!1(&!F1$/ 
)' H3(%&) $"%&(#(* B3%!/!0(#(* .(&( ) 
)"%&)/$ #(* 7)'7(*C $%&K* *(L#(* BQ">3/)* #$ (&2(>$'G #$ O)>) $ .&)23"#!#(#$C+ D $*%&3%3&( '$
Q"!
(G ( ./(
( #$ 
!&
3!%) .(&() (
!)"('$"%) #(* 7)'7(* #$ F>3( $ .(&%$ #( !"*%&3'$"%(4<) #( ./(%(2)&'( 2)&(' .&)O$%(#(* $ 
)"8*%&3L#(* ") :&)O$%) #$ ;&(#3(4<) $' =">$"?(&!( #$ N!*%$'(* =/$%&�"!
)* B $̂!-$!&(G _$!* U M$!%)*( WXXXC+

19
19

19



202019  !"#$%& "! '()!* ! "! +,&-./"#"0"! "! +!/!1,0$%& "0 +*010-&,20! "#$%&'( $# )*+#, $# -./0 1 /20$0 )#230 4,0305(6"0 4060 "#$%6 ( )*+#, $(2 30)7/#2 $# ,0236( # 0 46(85/)$%$0$# $# 4#)#360&'( $0 4,0305(6"0 #" 6#,0&'( 0 ,9"%)0 $0 -./0: ;22#2 +0,(6#2 2'( %"4(630)3#2 4060( 3%4( $# 
()36(,# $#2#)+(,+%$( 4(%2 ( 
()36(,# $# ,0236( $#4#)$# $0 "#$%$0 $0 %)
,%)0&'(= $(2 )*+#%2 $(230)7/#2 # $0 46(5/)$%$0$# $# 4#)#360&'( $0 4,0305(6"0 )0 -./0:>60)2$/3(6#2 $# )*+#, 2'( /20$(2 4060 "#$%6 0 0,3/60 $( )*+#, $# -./0 30)3( )(2 30)7/#2 7/0)3( $04,0305(6"0 #" 6#,0&'( 0 ,9"%)0 $0 -./0: ?0$0 30)7/# 4(22/% /" 360)2$/3(6 4(2%
%()0$( #" 2#/ 
#)36(=04#206 $%23( 4($#6 .#606 #66(2 $# "#$%&'( $#+%$( 0 %)
,%)0&'(= "02 7/# 4($#" 2#6 
()3(6)0$(2 0360+12 $0"($#,0.#"= # $(%2 360)2$/3(6#2 46#2(2 
("( 4@)$/,(2 A/)3(2 # 4(2%
%()0$(2 0( 
#)36( $0 4063# 2/4#6%(6$0 4,0305(6"0= 4($#)$( 022%" 0)/,06 4063# $( #66( $#+%$( 0 %)
,%)0&'(= 2#)$( 7/# /" $#,#2 "#$# ( )*+#,$0 4,0305(6"0 #" 6#,0&'( 0 ,9"%)0 $0 -./0 # ( (/36( 2#6+# 
("( 360)2$/3(6 $# 6#5#6@)
%0: ! 20*$0 $(2#)2(6 $# )*+#, 40220 4(6 /" 
%6
/%3( 46(
#220$(6 $# 2%)0%2= 7/# 360)25(6"0 ( 2%)0, $# 
(66#)3# 0,3#6)0$0#" /" 2%)0, $# 3#)2'( 
/A( +0,(6 1 46(4(6
%()0, 0( )*+#, $# -./0 )( 2#)2(6= #)3'( #230 3#)2'( 1 ,%$0 4(6/"0 
()+#62(6 0)0,B.%
(8$%.%30,= 4060 46(
#220"#)3( 4#,( 2%23#"0 $# 
()36(,#:3!4
,#$%& "&4 1,0/4".1&,!4?0$0 360)2$/3(6 $# )*+#, $0 4,0305(6"0 5(% 
()236/*$( 
(" $(%2 060"#2 $# 0&( %)(C%$-+#, # 
6("(= 4(64(22/*6#" 0,30 6#2%23@)
%0 0 
(66(2'( # 6%.%$#D "#
9)%
0: ;23#2 060"#2 2'( $%24(23(2 4060,#,0"#)3# #2#4060$(2 4(6 /"0 4#7/#)0 $%239)
%0: E'( ,%.0$(2 #" 216%# 
(" /"0 5()3# $# 3#)2'( 0,3#6)0$0= 0 3#)2'($#+# 2#6 0,3#6)0$0 0 F" $# %"4#$%6 0 5(6"0&'( $# .-2 )0 2/4#65*
%# $(2 060"#2= 4(%2 0 04,%
0&'( $# /"0
(66#)3# #,136%
0 )02 G023#2 %"#6202 .#60 0 #,#36B,%2# $0 -./0: ?02( 5(22# /3%,%D0$0 3#)2'( 
()3*)/0 %6%0"2# 5(6"06 4#,*
/,02 $# .-2 2(H6# 02 G023#2 ( 7/# $%"%)/%6%0 0 -6#0 $# 
()303( $(2 060"#2 
(" 0 -./0 #0,3#606%0 ( +0,(6 $0 
(66#)3# "#$%$0 
(" ( 3#"4(: I /2( $0 3#)2'( 0,3#6)0$0 4#6"%3# 7/# ( .-2 5(6"0$(#" /" 2#"%8
%
,( 2#A0 6#
("H%)0$( )( 2#"%8
%
,( 2#./%)3#= 0)/,0)$( #23# #5#%3( %)$#2#A0$(: ! J%./60 K046#2#)30 /" $%0.60"0 $( 360)2$/3(6 $# )*+#, 46%)
%40, $0 4,0305(6"0: ;230 F./60 #C%H# ( 2#)2(6 7/#"#$# 0 46(5/)$%$0$# $# 4#)#360&'( # ( 2#)2(6 $# 6#5#6@)
%0= 7/# 2'( 4(23(2 A/)3(2 # 
("4063%,G0" $# /"#,#36($( 
("/"= ( 7/0, 6#
#H# ( 2%)0, $# 
(66#)3# 0,3#6)0$0 4060 2/0 4(,06%D0&'(: I2 060"#2 2'( 46#2(2#" /"0 06"0&'( $# 0,/"*)%( 
(" /" 4#2( 5#%3( 
(" 
G/"H( )0 4063# $# H0%C( 4060 7/# ( 
()A/)3(4#6"0)#&0 2#"46# )0 +#63%
0,: ! #2
0,0 0( ,0$(= 5#%30 
(" /"0 61./0 4,-23%
0= 2#6+# 4060 50
%,%306 0
0,%H60&'(:L %"4(630)3# (H2#6+06 7/# 0 06"0&'( #" 0,/"*)%( $#+# #2306 03#660$0 4060 #+%306 #66(2 $# ,#%3/60:J(% 
()23030$( 7/# 7/0)$( )'( 03#660$0= 0 ,#%3/60 $( 2#)2(6 $# 6#5#6@)
%0 6#.%2360+0 0,3#60&M#2 
(" 0+06%0&'( $# 46(5/)$%$0$# "#2"( 04B2 3(30,"#)3# 2/H"#62(: N22( 46(+0+#,"#)3# $#+#82# 0 /"0 5/.0 $#
(66#)3# 0360+12 $0 06"0&'(= 7/# 4(6 2#6 $# "#30,= 30"H1" 
()$/D 4063# $0 
(66#)3# (6%/)$0 $( #,#36($($# 4(,06%D0&'(:

20
20

20



212120  !"#$%&'(!)$ %) *#
,-#"./(!" "#$"%&#" '# ($
*($+,-% .&#
("+/ "#& '# .&#
("-% .+&+ .#&/(0(& 12# % 
%$0&%*# "#3+ 4#/ 5#(0%67% .&%3#0% +$0#&(%& 5%&+/ 
%$5#

(%$+'%" '%(" "#$"%&#" '# ($
*($+,-% .#$'2*+&#"8 12# #"0-% .%"(
(%$+'%"%&0%9%$+*/#$0# $% 0%.% '+ .*+0+5%&/+ .&:;(/%" +% "#2 
#$0&%6 <""#" "#$"%&#" 5%&+/ 5#(0%" 
%/ .%0#$=
(�/#0&%" '# ?0+ "#*+'%"8 # .@$'2*%" 5#(0%" 
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%"%8 
%/% :*#% '# /G12($+ %2 "(*(
%$# ($'2"0&(+* .+&+ +/%&0#=
#& +" %"
(*+,B#"6 C %20&+ %.,-% H + "24"0(02(,-% '%" "#$"%&#" .#$'2*+&#" .%& 2/ "#$"%& #*#0&%*F0(
% '#($
*($+,-% I#/ ($9*@"  ! 
#$%!&#'
 #'!# ( )(%$J IK+D+&#"(8 L&#D('(8 M#"0#&8 N(00+$0( O P299#&( QRRSJ6 <""#"#$"%& 20(*(T+ 2/ .#12#$% &#
(.(#$0# 
%/ U2('% # 
($
% .($%"6 C*92$" /%'#*%" 3G ($
*2#/ 
(&
2(0%" 12#.%'#/ 9#&+& "+F'+" +$+*:9(
+" %2 '(9(0+(" '+" ($
*($+,B#"8 "#$'% 12# 
+'+ "#$"%& '#""#" /#'# '2+" ($=

Peso em chumbo

Fixação à plataforma

Fio de suspensão

´Regua

Moldura metálica aterrada

Eletrodo sensor de nível da plataforma

Eletrodo de polarização

Eletrodo de referência
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#" %89#)#&63 $3:4%)#"2 ($163 )(463 9)%53) 3) ;<$59"3) => (?#)1($1() $% ;"%1%.340%,@) 035#A
%&'() $3) ;<$59"3) )( "#0#1%4%0 % 1($)63 5( %"#0($1%&63 89( %B34% C )#0C14#
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94)34 53) ;31($
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#%5( 
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3$143"( 53) 1%$89() 5( "%)143 ;4(
#)% )(4 
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9#13) 5( 
3$5#
#3$%0($13 5( )#$%#),R 5#%B4%0% (0 L"3
3) 4(;4()($1%1#H3 53 )#)1(0% 5( 
3$143"( ;35( )(4 H#)13 $% *U#B, V+, R) 14%$)59134()

U#B94% WX Y"%1%.340% Z(0#DZ9L0(47H(" 5( 5#0($)'() 4(59/#5%)0(5(0 3 $7H(" 5( >B9% (0 
%5% 1%$89( 5( "%)1432 % ;43.9$5#5%5( 5% ;"%1%.340% ( )9% %1#195(, R) )#$%#)%$%"[B#
3) 53) 14%$)59134() )63 5#B#1%"#/%53) ;34 90 
3$H(4)34 @\], ^0 0#
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A/D

Acionadores

dos motores

Condicionador
Transdutores

Bombas Plataforma

de sinais
Microcomputador

Placa de aquisição

de dados

de água semisubmersível

digital
Saída
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.0 1. 0"02+*& 1+ 
.32%.-+
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 !"#$%&# "% "'() '*% "%+$%,%-!. % /# '/01 #./23#$ !"! "!#$%&'(! )&*& & "!+,-&.," +& +$/0"$
& +& )-&#&2!*"& 3,"$345",*36%,- )!+,73, 
$#&*8

• &%&-$&'(! +! +,3,"),/9! +$/0"$
! +& )-&#&2!*"&:
• ! )*!;,#! +! 3$3#,"& +, 
!/#*!-,:
• & &%&-$&'(! +! +,3,"),/9! +! 3$3#,"& +, 
!/#*!-, )!* ",$! +, 3$"4-&'<,3=>(! +,3,/%!-%$+!3 +!$3 "!+,-!3 +& )-&#&2!*"& /,3#& ?$33,*#&'(!8 4" "!+,-! "&$3 
!")-,@! , *,&-$3#&A&)*!)*$&+! B 3$"4-&'(! , !4#*! -$/,&*A )&*& ! +,3,/%!-%$",/#! +! 
!/#*!-&+!*A !/+, 3,*(! +,3)*,C&+!3&-.4/3 )&*0",#*!3 
!/3$+,*&+!3 ",/!3 *,-,%&/#,3= ! "#$%&'($)* +#$# ,)-'.#/'&D3 )&*0",#*!3 4#$-$C&+!3 )&*& & "!+,-&.," 2!*&" !5#$+!3 +& .,!",#*$& +& )-&#&2!*"& , +, *,34-#&+!3,@),*$",/#&$3 !5#$+!3 
!" & )-&#&2!*"& +, +$",/3<,3 *,+4C$+&3= E,33, "!+,-! +,3,/%!-%$+! &3 3,.4$/#,3
&*&
#,*63#$
&3 3(! +,3#&
&+&38
• ! "!+,-! )!334$ 3,$3 .*&43 +, -$5,*+&+,:
• !3 ,2,$#!3 $/,*
$&$3A 
!" & $/
!*)!*&'(! +!3 ,2,$#!3 +&3 "&33&3 &+$
$!/&$3:
• &3 &'<,3 +& .*&%$+&+, , +! ,")4@!:
• ! &"!*#,
$",/#! 9$+*!+$/0"$
!:
• 2!*'&3 , "!",/#!3 .,*&+!3 ),-&3 %&*$&'<,3 +!3 /6%,$3 +, F.4& /!3 #&/G4,3 +, -&3#*!=H24
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3-1 B&+%-
3#'K.3# L nF@ 1#
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C324.-  8 R D3+%&0-+ *& 7##.*&'-*-+8
• On G4& 5 - #.32&0 *# +3+%&0- *& 
##.*&'-*-+ &+%-
3#'K.3#S
• xn e yn G4& +)# #+ &3N#+ G4& *&A'&0 # ,1-'# Q#.3?#'%-1S
• zn G4& 5 # &3N# G4& *&A'& - <&.%3
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xb

zb

OOn

xn

nz

θ

!"#$%&  '() *+
-"+&./0 1& 2-&3&40%5& 65 %6-&./0 &0 7+#$-0 θ8 
0+9"16%&+10 φ = ψ = 0 #%&$9'
• O :$6 ; & 0%"#65 10 9"9365& 16 
00%16+&1&9 5<=6->
• xb, yb e zb :$6 9/0 09 6"?09 :$6 16@+65 0 9"9365& 16 
00%16+&1&9 5<=6-'A050 2016 96% ="930 +&9 !"#9' '( &  'B8 & 209"./0 1& 2-&3&40%5& +0 9"9365& 16 
00%16+&1&9 693&
"0+C%"065 %6-&./0 &0 20+30 On ; 16@+"1& 
050 pn = [x, y, z]T ' D 0%"#65 10 9"9365& 16 
00%16+&1&9 10 
0%20

O 40" 69
0-E"1& 16 5&+6"%& & 
0"+
"1"% 
05 & :$"-E& 1& 2-&3&40%5&8 
0+40%56 &9 !"#$%&9  '( 6  'F' A0502016 96% ="930 +&9 !"#$%&9  '( &  'B8 & &3"3$16 1& 2-&3&40%5& ; %62%696+3&1& 26-0 7+#$-09 16 G$-6%8 
05096#$6)
• φ ; 0 7+#$-0 16 H0#0 I”roll”J>
• θ ; 0 7+#$-0 16 &%4&#65 I”pitch”J>
• ψ ; 0 7+#$-0 16 %$50 I”heading”J' !" #$%&'()$*%+,) -. /))$-.&%-%'K$&+10 96 1696H& %62%696+3&% $5 1636%5"+&10 
0%20 :$6 6+
0+3%&L96 65 $5 1&10 9"9365& 16 
00%16L+&1&9 65 0$3%0 9"9365& 16 
00%16+&1&9 1"93"+308 2%6
"9&509 $3"-"M&% $5& N&3%"M 16 O03&./0 6 0$3%& 16P%&+9-&./0 16 A00%16+&1&9' G99& 3%&+940%5&./0 96%C %6920+9C=6- +/0 9< 26-& 3%&+9-&./0 1&9 
00%16+&1&910 
0%20 2&%& 0 +0=0 9"9365& 16 
00%16+&1&9 
050 3&5Q;5 26-& 9$& %03&./0' D N&3%"M 16 O03&./0 16A00%16+&1&9 IRb

n(Θ)J I!0996+ (RR(8 96./0 ('(' J 26%5"36 & 
0+=6%9/0 10 9"9365& 16 
00%16+&1&9 "+6%
"&-
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O Onny

zn

φ

"#$%&'  ()* +,
.#,'/01 2' 3.'4'51&6' 76 &7.'/01 '1 8,$%.1 φ9 
1,:#27&',21 θ = ψ = 0 $&'%:(

On

ny y

x

xO

ψ

b

b

b

n

 !"#$% &'() *+,%-.+ /% 01%,%2+$3% 43 $41%-.+ %+ 56"#1+ ψ7 
+69!/4$%6/+ φ = θ = 0 "$%#9'
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282827 !"#$# % &'&()*# +) 
%%$+)-#+#& +% 
%$"% ) . +#+# "%$/
Rn

b (Θ) = Rz(ψ)Ry(θ)Rx(φ) ,%-+) 
#+# ()$*% . 0*# *#($'1 +) $%(#23% )* (%$-% +) 0* )'4%5 +)6-'+#& 
%*%/
Rz(ψ) =











cos(ψ) −sen(ψ) 0

sen(ψ) cos(ψ) 0

0 0 1











, 7 8 9
Ry(θ) =











cos(θ) 0 sen(θ)

0 1 0

−sen(θ) 0 cos(θ)











, 7 8:9
Rx(φ) =











1 0 0

0 cos(φ) −sen(φ)

0 sen(φ) cos(φ)











. 7 8!9
; ($#-&<#23% . =)'(# #+'
'%-#-+%>&) % +)&<%
#*)-(% +# %$'?)*5 '-)$)-() #% -%@% &'&()*# +) 
%%$+)-#+#&5A& 
%%$+)-#+#& +% 
%$"%8;&&'*5 # $%(#23% +%& @.$('
)& [0, 1; 0, 1; 0] 7
%%$+)-#+#& )* m9 "#$# 0*# '-
<'-#23% +) φ = 5◦5 θ = 0◦ )
ψ = 0◦5 ?)$#$'# 0*# *#($'1 +) $%(#23% '?0#< #/

Rb
n(Θ) =











0, 2837 0 0

0 0, 2837 −0, 9589

0 0, 9589 0, 2837











. 7 8B9C % @.$('
) '-
<'-#+% #"$)&)-(# #& 
%%$+)-#+#& [0, 0284; 0, 0284; 0, 0959]8 D#&% E#F# # -)
)&&'+#+) +)($#-&<#23% +#& 
%%$+)-#+#& +)&&) @.$('
) +) 0, 1m #% <%-?% +) )'4% y5 &)$'# -)
)&&G$'% #+'
'%-#$ # )&&#&
%%$+)-#+#& 0*# *#($'1 +) ($#-&<#23% +) 
%%$+)-#+#& '?0#< #/
T b

n(Θ) =











0

0, 1

0











. 7 8H9I%$ 6*5 % @.$('
) ($#-&=%$*#+% "#$# % &'&()*# +) 
%%$+)-#+#& &)$G +#+% "%$ [0, 0284; 0, 1284; 0, 0959]7
%%$+)-#+#& )* m98 !" #$%&'() *& +,-./,
& *& 12&3&4)5/&; )J0#23% +'-K*'
#5 -3%><'-)#$ ) 
%* &)'& ?$#0& +) <'L)$+#+) J0) $)"$)&)-(# # "<#(#=%$*# "%+) &)$+)6-'+# 
%*% 7M%&&)- :NN:5 D#"O(0<% !9/
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292928 !
M(V )ν̇ + C(ν)ν +D(ν)ν + g(η) = go(η, V ) + w + wl , " #$%&'()*

• ν = [vbT
o , ωbT

nb ]T + & ,)-&. () ,)/&
1(2()3 4)').2/152(23 .)6.)3)'-2(& '& 313-)72 () 
&&.()'2(23 (&
&.6&8
• vb

o = [u, v, w]T + & ,)-&. () ,)/&
1(2()3 /1')2.)3 .)6.)3)'-2(& '& 313-)72 () 
&&.()'2(23 79,)/8
• ωb

nb = [p, q, r]T + 2 ,)/&
1(2() 2'4:/2. (& 313-)72 () 
&&.()'2(23 (& 
&.6& .)/2-1,& 2& 313-)72 ()
&&.()'2(23 1').
1213 .)6.)3)'-2(& '& 313-)72 () 
&&.()'2(23 79,)/8
• η = [(pn)T , (Θ)T ]T + & ,)-&. () 6&31;<& 4)').2/152(28
• pn = [x, y, z]T + 2 6&31;<& (2 O .)6.)3)'-2(2 '& 313-)72 () 
&&.()'2(23 1').
12138
• Θ = [φ, θ, ψ]T + 2 2-1-:()8
• V =[V1, . . . , VnB

]T + & ,)-&. () ,&/:7) () =4:2 '&3 -2'>:)3 () /23-.&8
• M(V ) ∈ R6×6 + 2 72-.15 () 1'+.
123? >:) 1'
/:1 2 72332 (2 6/2-2@&.72? 3):3 7&7)'-&3 () 1'+.
12?23 723323 ) &3 7&7)'-&3 () 1'+.
12 (&3 -2'>:)3 () /23-.& ) 23 723323 2(1
1&'2138
• C(ν) + 2 72-.15 () A&.1&/13 ) (2 2
)/).);<& 
)'-.B6)-2 "1'
/:1'(& 23 723323 2(1
1&'213%8
• D(ν) ∈ R6×6 + 2 72-.15 () 27&.-)
17)'-&8
• g(η) ∈ R6 + & ,)-&. () @&.;23 ) 7&7)'-&3 4.2,1-2
1&'213 ) () C:-:2;<&8
• go(η, V ) ∈ R6 + & ,)-&. () @&.;23 ) 7&7)'-&3 4.2,1-2
1&'213 (&3 -2'>:)3 () /23-.&8
• w ∈ R6 + & ,)-&. () (13-D.E1&3 27E1)'-213 ",)'-&3? &'(23 ) 
&..)'-)3%8
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• wl ∈ R6 "#$"#%#&'( (% 
("*(% (+,
,-&(+(% . $/('(0-"1( #
• nB 2 - &31#"- +# '(&45#% +# /(%'"- 6&#%'( $/('(0-"1( nB = 4789 $-%,:;- +( $/('(0-"1( &- $/(&- <-",=-&'(/ # - >&*5/- +# "51- &;- 0-"(1 
-&%,+#"(+-% ?,%'- 45# %;-*#"(/1#&'# 1(&',+-% $-" $-%,
,-&(1#&'- +,&>1,
- -5 (&
-"(*#1@ 45# &;- A=#"(1 $("'# +- #%
-$- +#%'#'"(B(/<-8C("( 
-1$/#'(" - 1-+#/- +( +,&>1,
( +( $/('(0-"1(@ 2 &#
#%%D",- +#A&," ( 
-&?#"%;- +- ?#'-" +# ?#/-
,E+(+#% *#&#"(/,=(+(% +- %,%'#1( +# 
--"+#&(+(% +- 
-"$- &- ?#'-" +# ?#/-
,+(+#% *#&#"(/,=(+(% &- %,%'#1(,&#"
,(/F

η̇ = J(η)ν , 6 8G7-&+# -  !
#$%!&#@ J(η) ∈ R6×6@ 2 +#%
",'- #1 6H-%%#& IJJI@ K#
8I8I8 7F
J(η) =





Rn
b (Θ) 03×3

03×3 TΘ(Θ)



 , 6 8L79 1('",= +# "-'(:;- 6Rn
b (Θ)7 '(1B21 2 +#A&,+( $-" 6H-%%#& IJJI@ K#
8I8I8 7F

Rn
b (Θ)−1 = Rb

n(Θ) = Rx(φ)TRy(θ)TRz(ψ)T , 6 8M79%%,1 
-1- ( N('",= +# O"(&%0-"1(:;- +# P#/-
,+(+#% 6Tθ(Θ)7F
TΘ(Θ) =











1 s(φ)t(θ) c(φ)t(θ)

0 c(φ) −s(φ)

0 s(φ)/c(θ) c(φ)/c(θ)











, 6 8 J7-&+#F c(·) = cos(·) # s(·) = sen(·)8 !" #$%& $ '()*)+,-&Q- 
-&'#R'- +( #&*#&<(",( &(?(/@ - '#"1- #%'(B,/,+(+# 2 5%5(/1#&'# +#A&,+- 
-1- ( 
($(
,+(+# 45# 51
-"$- S5'5(&'# '#1 +# "#'-"&(" (- %#5 #45,/TB",- -",*,&(/ ($U% %-0"#" 51( $#"'5"B(:;- 45(/45#"8 O(/
($(
,+(+# 2 +#A&,+( B(%,
(1#&'# $#/( /-
(/,=(:;- +# +-,% $-&'-%F - 
#&'"- +# *"(?,+(+# # - 
#&'"- +##1$5R-8C-+#1-% +#A&," 
#&'"- +# *"(?,+(+# 6'(!)%*+ 
,&*,(@ $-&'- CG &( H,*5"(  8!7 
-1- %#&+- - $-&'- -&+#%# $-+# 
-&%,+#"(" 45# '-+- - $#%- +( #1B("
(:;- #%'#V( ($/,
(+- 6W(&
-R  MML78 XD - 
#&'"- +# #1$5R-6
#&'"- +# 
("#&( -5 $-#+!&
+ 
,&*,( E CB7@ $-" %5( ?#=@ 2 - $-&'- -&+# %# $-+# 
-&%,+#"(" 45# '-+( (0-":( +# #1$5R- #%'#V( ($/,
(+( 6Y,"(& IJJZ78 [ 
#&'"- +# #1$5R- 
-,&
,+# 
-1 - 
#&'"U,+# +- ?-/51#+# D*5( +#%/-
(+- $#/( $("'# +- 
-"$- S5'5(&'# 45# %# #&
-&'"( %5B1#"%( 6Q#'-@ \(%'(&<("-@ N-"(#%
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/'$ 0& 12/ %3/4/5$62/ '&27'182&6'9:&3; $ 
&<46$ 0& &2%1=$ %$0& '&6 0&'3$
/0$ 0&/
$60$ 
$2 / %$'7>?$ 0/ %3/4/5$62/ &2 6&3/>?$ /$ &'%&3@$ 0ABC1/,D2 12/ %$'7>?$ 0& &E1739867$; $ 
&<46$ 0& C6/:70/0& & $ 
&<46$ 0& &2%1=$ 0& 12/ &28/6
/>?$ &<
$<46/2F'& /37<@/0$' :&647
/32&<4& G7C, ,HI/+, J 2&070/ E1& / &28/6
/>?$ '$56& 12/ 7<
37</>?$; $ :$312&'182&6'$ '& /34&6/; %6$:$
/<0$ 12/ 0&'/37<@/2&<4$' 0&''&' 0$7' 
&<46$' G7C, ,HI8+, K$2$ / 5$6>/ 0/C6/:70/0& /41/ '&2%6& :&647
/32&<4& %/6/ 8/7=$ & $ &2%1=$ /41/ '&2%6& :&647
/32&<4& %/6/ 
72/; $ 0&F'/37<@/2&<4$ &<46& $' 
&<46$' 5/L 
$2 E1& $ %&'$ & $ &2%1=$ 5$62&2 12 87<B67$ 0& 5$6>/' 0&<$27</0$ ! "#$! % "&$'(%')!%; E1& /41/ %/6/ 2/<4&6 $ &E173M867$ 0/ &28/6
/>?$,N 7<4&<'70/0& 0&''& 2$2&<4$ 6&'4/16/0$6 O 51<>?$ 0$ 86/>$ 0& &<076&74/2&<4$; E1& %$0& '&6 0&P<70$

yb

zn

yn

nO fb

fg

zb

O

CB

CG

Plano da agua

 !" fb

fg

MT

CG

CB

Plano da agua #"G7C16/  ,HQ G$6>/' & R$2&<4$' </ S3/4/5$62/Q (a)S3/4/5$62/ &2 DE1739867$ & (b)R$2&<4$ T&'4/16/0$60/ S3/4/5$62/,
$2$ / 07'4U<
7/ &<46& $ 
&<46$ 0& C6/:70/0& & $ &7=$ :&647
/3 E1& %/''/ %&3$ 
&<46$ 0& V141/>?$ IKW+& %&3$ 2&4/
&<46$ IMT +; E1& O $ %$<4$ 0& 7<4&6'&
>?$ 0$' &7=$' E1& /46/:&''/2 $ 
&<46$ 0& &2%1=$ & $
&<46$ 0& C6/:70/0& IK$&3@$ " -/'
72&<4$ ())(+,-$ &<4/<4$; </ G7C16/  ,HI8+; %$0&F'& $8'&6:/6 E1& $ 2$2&<4$ C&6/0$ 'X /41/6B <$ '&<470$ 0& 6&'4/16/6$ &E1739867$ '& $ 
&<46$ 0& C6/:70/0& &'47:&6 %$'7
7$</0$ Y &'E1&60/ 0/ 37<@/ :&647
/3 E1& %/''/ %&3$ 
&<F46$ 0& &2%1=$, K/'$ 
$<46B67$; $ 2$2&<4$ 6&'134/<4& 4&<0&67/ / /
&<41/6 / 7<
37</>?$ 0/ &28/6
/>?$I#10$:7
$; N381E1&6E1& " Z73:/ ())*+,N' &E1/>[&' E1& 0&P<&2 $ %&'$ & $ &2%1=$ <$; '7'4&2/ 0& 
$$60&</0/' 7<&6
7/3; 0/ %3/4/5$62/ '?$Q
fn

g =











0

0

mRBg











, I ,  +
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323231 !
fn

b = −











0

0

ρg∇











, " # $%&'()  RB * + ,+--+ (+ ./+0+1&2,+3 ∇ * & 4&/5,) () 675+ ()-/&
+(& .)/+ ./+0+1&2,+3 g * + +
)/)2+9:&(+ 72+4;(+() ) ρ * + ()'-;(+() (+ 675+3 -)75;'(& + '&0+9:& ()<';(+ ), "=>?@A  BCD%#E&,& '& -;-0),+ () 
&&2()'+(+ (& 
&2.&3 & );F&GH * &2;)'0+(& '& -)'0;(& () 
;,+ .+2+ I+;F&3 .&2 )--+2+H:& & .)-& * .&-;0;4& ) & ),.5F& * ')7+0;4& J;7# #C"+%# ?--;,K
f b

g = Rb
n(Θ)[0, 0,mRBg]

T e f b
b = Rb

n(Θ)[0, 0,−ρg∇]T . " # L%E&,& &- ,&,)'0&- (+- 1&29+- 2)-5/0+'0)- ().)'(), (& 
)'02& () 72+4;(+()3 (& 
)'02& () ),.5F& (+,+--+ (+ ./+0+1&2,+ ) (& 4&/5,) () 675+ ()-/&
+(&3 +- 1&29+- 2)-5/0+'0)- 7)2+(+- .)/& .)-& ) .)/& ),G.5F& .&(), -)2 ()<';(+- 
&,&K
g(η) = −





f b
g + f b

b

rb
g × f b

g + rb
b × f b

b



 , " # M%&'() rb
g e r

b
b -:& +- 
&&2()'+(+- (& 
)'02& () 72+4;(+() ) (& 
)'02& () ),.5F& '& -;-0),+ () 
&&2()'+(+-(& 
&2.&3 2)-.)
0;4+,)'0)#? &I0)'9:& (& .)-& ) (& 
)'02& () 72+4;(+()3 N5) ().)'(), (;2)0+,)'0) () .+2O,)02&- 1P-;
&- ) 7)&,*02;G
&- (+ ./+0+1&2,+ -)26 ,&-02+(+ '& E+.P05/& L# Q6 + ()0)2,;'+9:& (& 
)'02& () R505+9:& ) (& ),.5F&31);0+ .&2 ;'0)2,*(;& () 5, +/7&2;0,& ()-)'4&/4;(& ')-0+ S;--)20+9:&3 -)26 (),&'-02+(+ '& E+.P05/& $# !" #$%&'( )* +,&',-'.A, 5, -;-0),+ N5) +.2)-)'0) 5,+ 2&0+9:& 5';1&2,)3 &- 
&2.&- ), ,&4;,)'0&3 N5+'(& 4;-0&- .&2 5,&I-)24+(&2 '& ,)-,& 2)1)2)'
;+/3 +.+2)
), -5T);0&- + 5,+ 1&29+ .)2.)'(;
5/+2 U (;2)9:& (& -)5 ,&4;G,)'0&3 )--+ 1&29+ * ()'&,;'+(+ J&29+ () E&2;&/;- "E&2;&/;-  VL$%#? @+02;H () E&2;&/;- (& 
&2.& 2P7;(& .&() -)2 ()<';(+ 
&,& "J&--)' $DD$3 =)
#L# #L%K

CRB(ν) =





03×3 −mRBS(ν1) −mRBS(ν2)S(rb
g)

−mRBS(ν1) +mRBS(rb
g)S(ν2) −S(I0(ν2)



 , " # C%
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333332 ! !" #$%&'(
*$(+'% ,*-&%-*+.$*
%" #$%&'(
*$(+'% ,*-&%-*+.$*
% ($ (/'&0'0&#/ $#&1'*$#/ 2 3&(40(+'($(+'( 
#0/#-% 5(6% #'&*'% 
%$ #780#9 5(6# #:;% -#/ %+-#/9 (+'&( %0'&%/ 3#'%&(/< " =('%& -( #$%&'(
*$(+'% 2 
%$5%/'% 5%& '(&$%/ 6*+(#&(/( 40#-&7'*
%/ ( 2 -#-% 5%&>
Dn(ν)ν =





























|ν|TDn1ν

|ν|TDn2ν

|ν|TDn3ν

|ν|TDn4ν

|ν|TDn5ν

|ν|TDn6ν





























+ Dν , ? < @A
%+-( |ν|T = [|u|, |v|, |w|, |p|, |q|, |r|]T ( B9 Dni(i = 1, . . . , 6) ∈ R6×6< C*/'% 40( %/ /(*/ 8&#0/ -( 6*D(&-#-(-(//# 56#'#3%&$# /($*/0D$(&/1=(6 /;% 3&#
#$(+'( #
%56#-%/9 # $#'&*E -( #$%&'(
*$(+'% (/
%6,*-# 2 0$#$#'&*E -*#8%+#6 ( # (40#:;% ? < @A 5%-( /(& &((/
&*'# 
%$%>

Dn(ν)ν =





























dn1|u|u

dn2|v|v

dn3|w|w

dn4|p|p

dn5|q|q

dn6|r|r





























+





























d11u

d22v

d33w

d44p

d55q

d66r





























? < FA

%$ 
%(G
*(+'(/ -( #$%&'(
*$(+'% dn1, . . . , dn6, d11, . . . , d66 ∈ R+ !/ 01(*'% 234(&15
*( 6*7&(" (3(*'% -# /05(&31
*( 6*=&( 5%-( /(& %D/(&=#-% +% $%=*$(+'% -( 6140*-%/ +% *+'(&*%& -( '#+40(/9 +# =#E;%-( 6140*-%/ ($ 
#+#*/ #D(&'%/9 +% *$5#
'% -#/ %+-#/ +%/ 
#/
%/ -%/ +#=*%/9 (+'&( %0'&%/9 ?H6*#D#-* IJ,0K#(( LMM A< N$ '%-%/ (//(/ 
#/%/9 # /05(&31
*( 6*=&( -% 6140*-% G
# /0K(*'# # #:;% -( 3%&:#/ (O'(&+#/ (
%$% &(/06'#-%9 % 6140*-% '%&+#P/( *+/'7=(69 8(&#+-% % 
,#$#-%  !"#$% &'(")!*
#" ,#-)"< Q%+3%&$( # #:;%-# 3%&:# #0$(+'#9 (//( (3(*'% '%&+#P/( $7O*$%<H $%-(6#8($ 
%$50'#
*%+#6 -(//( (3(*'% 2 D#/(#-# +# /%60:;% -( (40#:R(/ -*3(&(+
*#*/ 40( &(8($ #
%+/(&=#:;% -( $#//# ( % $%$(+'% -(//#/ 3%&:#/9 
%+,(
*-#/ 
%$% (40#:;% -( ./-#")0&$%1"2< S(/'#B*//(&'#:;% -( T(/'&#-%9 (//( (3(*'% +;% /(&7 
%+/*-(&#-%9 5%& +;% /(& 5%//1=(6 %D'(& %/ 5#&.$('&%/ 5#&#(/'*$7P6% +% UNVHW< H 6*+(#&*E#:;% -% $%-(6% ( # &%D0/'(E -% 
%+'&%6#-%& -(/(+=%6=*-% 6(=#&;% ($ 
%+'#(//# #5&%O*$#:;%<
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343433 ! !" #$%&'( )* +,-&
'$/" #$%&'( )* '+,&
'$./ )*0+')$ 12$#3+ 4 56+7$ 899!: , )$)$ ;<&
M(V ) = MRB +MA +MB(V ) 1 = >:<+)*?

MRB =





mRBI3 −mRBS(rb
g)

mRBS(rb
g) IO



 , 1 = !:, $ #$%&'( )* '+,&
'$. )< 
<&;< &@A')< 1;B$%$C<&#$:/
S(rb

g) =











0 −zg yg

zg 0 −xg

−yg xg 0











, 1 =89:, $ #$%&'( $+%'D.'#,%&'
$ )*0+')$ *# 1E<..*+ 8998/ 2*
=8= : *
IO =











Ix −Ixy −Izx

−Ixy Iy −Iyz

−Izx −Iyz Iz











, 1 =8 :, $ #$%&'( )* 
<#;<+*+%*. '+*&
'$'./ rb
g = [xb, yb, zb] * I3 , $ #$%&'( ')*+%')$)* 3 × 3=

MA , $ #$%&'( )* #$..$. $)'
'<+$'. 12$#3+ 4 56+7$ 899!:/ F6* , $ #$%&'( )* C<&G$. * #<#*+%<.'+)6(')<. ;*B< #<H'#*+%< 7$&#�+'
< )< 
<&;< ;&<;<&
'<+$B#*+%* $ .6$ $
*B*&*GJ</ &*;&*.*+%$+)< <$&#$(*+$#*+%< )* *+*&A'$ 
'+,%'
$ +< K6')< )*.B<
$)< 12'BH*.%&*/ 2*F6*'&$ 4 2*+%'*'&<  !!9: * ;<)* .*&)*0+')$ 
<#< 1E<..*+ 8998/ 2*
= L=8= :
MA = −





























Xu̇ Xv̇ Xẇ Xṗ Xq̇ Xṙ

Yu̇ Yv̇ Yẇ Yṗ Yq̇ Yṙ

Zu̇ Zv̇ Zẇ Zṗ Zq̇ Zṙ

Ku̇ Kv̇ Kẇ Kṗ Kq̇ Kṙ

Mu̇ Mv̇ Mẇ Mṗ Mq̇ Mṙ

Nu̇ Nv̇ Nẇ Nṗ Nq̇ Nṙ





























, 1 =88:
<+)* X / Y / Z/ K/M * N ;<)*# .*& 
$B
6B$)<. 
<#< 1E<..*+ 8998/ 2*
=L= =L:
X = mRB[u̇− vr + wq − xg(q

2 + r2) + yg(pq − ṙ) + zg(pr + q̇)] ,

Y = mRB[v̇ − wp+ ur − yg(r
2 + p2) + zg(qr − ṗ) + xg(qp+ ṙ)] ,

Z = mRB[ẇ − uq + vp− zg(p
2 + q2) + xg(rp− q̇) + yg(rq + ṗ)] ,

K = Ixṗ+ (Iz − Iy)qr +m[yg(ẇ − wq + vp) − zg(v̇ − wp+ ur)] ,
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353534 !
M = Iy q̇ + (Ix − Iz)rp+m[zg(u̇− vr + wq) − xg(ẇ − uq + vp)] ,

N = Iz ṙ + (Iy − Ix)pq +m[xg(v̇ − wp+ ur) − yg(u̇ − vr + wq)] ," xg# yg " zg $"%"& '"( "'
*+,-$*' $" &./"-(. 01"2
mIcg

yzx
2
g = −Icg

xyI
cg
xz ,

mIcg
xzy

2
g = −Icg

xyI
cg
yz ,

mIcg
xyz

2
g = −Icg

xzI
cg
yz .3.$. 4"(&* $. &.4(-5 $" &.''.' .$-
-*/.-' 6MA7 $"%" '"( 
.+
1+.$* 
*&*2

Yu̇ :=
∂Y

∂u̇
. 689 :7

MB ∈ R6×6 ; . &.4(-5 $" -/;(
-. $*' 4./01"' $" +.'4(* " '"(< $"'"/%*+%-$. /. '"=>* 89889 ! " #$%&'$ %() *$+,() %& -()./$?' '-/.-' $" 
*&./$* $.' @*&@.' $" <A1. '>* $"B/-$*' 
*&* Uj # */$" j ∈ {1, . . . , nB} ; * C/$-
" $*("'D"
4-%* 4./01" $" +.'4(* " $* D.( $" @*&@.'9 E& &*$"+* +-/".( D*( D.(4"' D�$" '"( .$*4.$* D.(..' @*&@.'# G< 01" * 
*/4(*+" $.' %.5H"' $.' @*&@.' I*- I"-4* 14-+-5./$*J'" . 4;
/-
. $" &*$1+.=>* $"+.(A1(. $" D1+'*' 6 !"#$ %&'() *+'!",(&+- J KLM7# D"(&-4-/$*J'" . *@4"/=>* $" %.5H"' $" "/4(.$. "'.C$. -/4"(&"$-<(-.'9 ? '-/.+ $" 
*/4(*+" Uj = −1 +"%. . @*&@. . %.5>* &<N-&. $" '.C$. $. <A1. $*'4./01"' $" +.'4(* (Koutj
)# Uj = +1 +"%. . @*&@. . %.5>* &<N-&. $" "/4(.$. $. <A1. /*' 4./01"' $"+.'4(* (Kinj

) " Uj = 0 $"'+-A. * D.( $" @*&@.'9 O"%-$* P $-I"("/=.' "/4(" .' @*&@.' 6.+A1&.' &.-'/*%.' 01" .' *14(.'7 " . $-'D"('>* D.(.&;4(-
.# '1.' %.5H"' '>* $-I"("/4"'9 Q''-&# 1& &*$"+* +-/".( $.%.5>* $" <A1. /. '.C$. $.' @*&@.' D*$" '"( %-'4* /. R-A989S9
pj =







































Kinj
, se Uj ≥ 1 ,

Kinj
Uj , se 0 ≤ Uj < 1 ,

Koutj
Uj , se − 1 < Uj < 0 ,

−Koutj
, se Uj ≤ −1 ,

689 T7*/$" pj ; . %.5>* $" <A1. 6R*(4"' U 31/,.  !!S79? D"01"/* ("V1N* $" <A1. 01" *
*((" 01./$* .' @*&@.' "'4>* $"'+-A.$.' D*$" '"( $"'
*/'-$"(.$* " .
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363635 !

U

p
j

j

−1

10

−K out

Kin

 j

j

"#$%&' !()* +,-./, /#0.'& -'1 2,32'1 -. 4$%'(-#053#
' -'1 2,32'1 7,-. 1.& 
,01#-.&'-' 3%#8, &47#-' 9:'3;0 < =%0>'  ??@A( !  "#$%&# $#' ()*+,%' $% -)'./#='-' 8'0B%. -. /'18&, 7,-. 1.& 3,-./'-, 
,3, %3 #08.$&'-,& -' C'DE, -' 4$%'*
V̇j = pj , 9!( FA
mj = ρVj , 9!( )A,0-. pj G ' C'DE, -. 4$%' -'-' 7./' .B%'HE, 9!( IA . mj G ' 3'11' -. 4$%' -, j−G1#3, 8'0B%. -. /'18&,(J3' 1'8%&'HE, K,# #0
/%L-' 0, 3,-./, 7'&' &.7&.1.08'& ,1 C,/%3.1 34M#3, . 3L0#3, B%. 
'-' 8'0B%. -./'18&, 7,-. 1%7,&8'&N O4 B%. -.C. >'C.& %3' 7&,8.HE, 7'&' -.1/#$'& '1 2,32'1 B%'0-, K,&.3 '8#0$#-,10LC.#1 .M8&.3,1 -. 4$%' 0,1 8'0B%.1( :'2.0-, B%. ' 4&.' -' 2'1. -. 
'-' 8'0B%. -. /'18&, G -'-' 7,&

Abj . B%. ,1 8'0B%.1 7,11%.3 K,&3'8, -. %3 7'&'/./.7L7.-, -. 2'1. B%'-&'-'N , 0LC./ -. 4$%' .3 
'-'8'0B%. 7,-. 1.& -'-, 7,&*
hj =

Vj

Abj

. 9!( PAQ'&' 
'/
%/'& ,1 3,3.08,1 $.&'-,1 7./, /'18&,N G 0.
.114&#, 
'/
%/'& , 
.08&, -. $&'C#-'-. -, /'18&, -.
'-' 8'0B%.( R11%3#0-, B%. ' -#1850
#' .08&. , 
.08&S#-. -' 2'1. -. 
'-' 8'0B%. . , 
.08&, -. $&'C#-'-.-. 
'-' /'18&, G '7&,M#3'-'3.08. hj/2 9"#$(!(PAN ' 7,1#HE, -, 
.08&, -. $&'C#-'-. -. 
'-' /'18&, 7,-.
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373736  !"# $%$% &'#
rb
cj ≈ rb

j −

[

0, 0,
hj

2

]T

= rb
j −

[

0, 0,
Vj

2Abj

]T

, ()* +,'-$" ' ."/'# rb
j 0 % &'!123' $' 
"-/#51$" $% 6%!" $' j−0!17' /%-89" (:%7;- < =9->%  ??@,*A ."/'# $" B'#2%! " 7'7"-/'! $'! /%-89"! $" C%!/#' 0 $%$' &'#

zbxb

yb

r1

rc1

CG1

h1

ly1lx1

O

0
Tanque 1

Tanque 2 Tanque 4

Tanque 3D1E9#% )*FG ="-/#' $" E#%.1$%$" $' C%!/#' $' /%-89" )*
g0(η, V ) =

nb
∑

j=1





f b
gj

rb
cj × f b

gj



 , ()* @,'-$" f b
gj = Rb

n(Θ)[0, 0,mjg]
T 0 ' &"!' $" 
%$% /%-89" #"&#"!"-/%$' -' !1!/"7% $" 
''#$"-%$%! 75."C*H 7%/#1I $" 1-0#
1% $'! /%-89"! $" C%!/#' 0 ' !'7%/5#1' $%! 7%/#1I"! $" 1-0#
1% $" /'$'! '! /%-89"!G

MB(V ) =

nB
∑

j=1

MBj
(Vj) ()*J?,'-$"

MBj
=





mjI3 −mjS(rb
cj)

mjS(rb
cj) IOj



 , ()*J),0 % 7%/#1I $" 1-0#
1% $' j−0!17' /%-89"*
S(rb

cj) =











0 −zcj ycj

zcj 0 −xcj

−ycj xcj 0











, IOj =











Ixj −Ixyj −Izxj

−Ixyj Iyj −Iyzj

−Izxj −Iyzj Izj











, ()*J ,
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37

37



383837 !
rb
cj = [xcj , ycj , zcj]

T " #$%&'()*+& ,-& $ %$+& (& 
$($ /$',-& 0 -1 2&/3'4-5) 
)1 (61&'+7&+ 5$/&2$6+ (&
lxj & lyj 8$2$5&5$+ $)+ &69)+ x & y: 2&+8&
/6;$1&'/&: 
)1) 8)(& +&2 ;6+/) '$ <64-2$ =">: )+ 1)1&'/)+ &82)(-/)+ (& 6'02
6$ 8)(&1 +&2 
$5
-5$()+ 
)1)

Ixj
= mj

(

l2yj + h2
j

12
+ y2

cj + z2
cj

)

, ?="!!@
Iyj

= mj

(

h2
j + l2xj

12
+ z2

cj + x2
cj

)

, ?="!A@
Izj

= mj

(

l2xj + l2yj

12
+ x2

cj + y2
cj

)

, ?="!B@
Ixyj

= mjxcjycj , ?="!C@
Izxj

= mjzcjxcj , ?="!>@
Iyzj

= mjycjzcj . ?="!D@E F&)2&1$ ()+ G69)+ H$2$5&5)+ ?I&&2 J K)L'+/)' =M> @ N)6 $856
$() 8$2$ ) (&+&';)5;61&'/) ($+ &,-$*O7&+ ?="!!@ $ ?="!B@: ;6+/) ,-& )+ 1)1&'/)+ (& 6'02
6$ +P) 
$5
-5$()+ ') +6+/&1$ (& 
))2(&'$($+ 1Q;&5 & )
&'/2) (& 42$;6($(& (& 
$($ /$',-& (& 5$+/2) 'P) 
)6'
6(&1 
)1 $ )264&1 (&++& +6+/&1$ (& 
))2(&'$($+"R) $2/64) ?#$1S' J T-'L$  UUM@ $ 1)(&5$4&1 ($ 85$/$N)21$ N)6 
-6($()+$1&'/& &5$%)2$($ & ;$56($($8)2 1&6) (& ()6+ /&+/&+ 
)18-/$
6)'$6+: ,-& +&2P) $82&+&'/$()+ $) 5)'4) (&+/$ V6++&2/$OP)"
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 !"#$%&' (
 !" #"$ %$ &$"#'( )#*'(+)$( %$  (,-+$ %( ('.#/$ !"#$%" #&'(!&
" *+,+ -&!.%+/0" &'
%.& + 1",/+ $ " !"!$'2" #$ 3.2.+/0"4 &'-$,&#"- '" 2$,!" g(η)4 5.$-0" #$*$'#$'2$- #&,$2+!$'2$ #" 6"%.!$ -.7!$,-" -$/0" 89:9 ;+%
.%+, " 6"%.!$ #$ .! 
",*" ,$<.%+, *"#$-$, .!+ 2+,$1+ ,$%+2&6+!$'2$ -&!*%$- 5.+'#" " 6"%.!$ = #$2$,!&'+#" #&,$2+!$'2$ + *+,2&, #+- #&!$'->$-#" 
",*"4 
"!" *"#$ -$, 6&-2" '+ ?+7$%+ @9A" 
+-" #+ *%+2+1",!+ -$!&-.7!$,-B6$% -$. 1",!+2" &,,$<.%+, &!*$#$ 5.$ " 6"%.!$ -.7!$,-" -$C+ 
+%D?+7$%+ @98E F"%.!$ #$ +%<.'- *"%&$#,"- 7$! #$G'&#"-4 "'#$ a = + +,$-2+4 r = " ,+&"4 h = + +%2.,+4 l = "
"!*,&!$'2" $ A = + H,$+ #+ 7+-$9  !"#$% &'()*+$!
% -(.#)';.7" a3;&%&'#," #$ 7+-$ 
&,
.%+, π r2hI+,+%$%$*&*$#" #$ 7+-$ ,$2+'<.%+, Ah;"'$ π r2h

3I&,(!&#$ Ah
3J-1$,+ 4π(r)3

3
.%+#" #&,$2+!$'2$ +2,+6=- #$ -.+- #&!$'->$-4 -$'#" '$
$--H,&" .2&%&K+, .!+ !$2"#"%"<&+ 5.$ *$,!&2++ "72$'/0" #$--$ 6"%.!$ #$ 1",!+ +
.,+#+9 ;"! $--+ G'+%&#+#$ 1"& +#"2+#" .! !=2"#" *+,
&+%!$'2$#$-
,&2" $! LM".,< @NN@4 ;+*B2.%" OP9 J--$ !=2"#" 
"'-&-2$ '+ #$
"!*"-&/0" #+ *%+2+1",!+ $! 2$2,+$D#,"-4 5.$ -0" *"%&$#,"- ,$<.%+,$-4 
"'6$Q"- $ $%$!$'2+,$- L*"--.$! +*$'+- 4 6=,2&
$-P4 -$'#"4 *", $--+,+K0"4 .-.+&- '+ ,$*,$-$'2+/0" #$ 6"%.!$- $! 
"!*.2+/0" <,HG
+ LR.=K&$
 S T.!!$% 8UU:4 $9<9P9 V!+@W39



404039 !"#$%&# '$ ()$*$+,-#$ -&(-&.&/*$'$ (,- *&*-$&'-,. (,'& .&- 0".*$ /$ 1"%2-$  3435,#, ,. *&*-$&'-,.6 $)7# '& (,..28-&# $. 
$-$
*&-8.*"
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"*$'$.6 .<, =%2-$. %&,#7*-"
$. 
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414140 ! !" #$%
'%( )( *(%'+," #$%&'( )$ *(*+,()+$ ), -./0 0 1$)( 2(+ 
,%
&%,)$ 1(%$ '4)&%$ )$ 1+$)&*$ '.2*$ )( 2&,2 ,+(2*,256,
7(,8  99:;< 
$8=$+'( , (>&,?@$  0AB
∇ =

∣

∣

∣

∣

(a1 − a4) · [(a2 − a4) × (a3 − a4)]

6

∣

∣

∣

∣

, 5 0A;$8)( $2 #(*$+(2 a1< a2< a3 ( a4 2@$ $2 #C+*.
(2 )$ *(*+,()+$0 D22.'< ,1%.
,8)$E2( , (>&,?@$  0A< 1$)(E2()(*(+'.8,+ $ #$%&'( ).+(*,'(8*( )$2 #C+*.
(2 )$ *(*+,()+$0F$'$ (G('1%$ )( ,1%.
,?@$ ), )(
$'1$2.?@$ (' *(*+,()+$2< &*.%.H$&E2( &' 
&I$< 
$' =$+',*$ 2.'.%,+J I,2( ( ,$2 1.%,+(2 ), 1%,*,=$+', 5-./0 0K(a);0 L2*( 
&I$ 1$22&. $2 #C+*.
(2 5(' '(*+$2;B a1 = [0; 0; 0]<
a2 = [0, 10; 0; 0]< a3 = [0, 10; 0, 10; 0]< a4 = [0; 0, 10; 0]< a5 = [0; 0; 0, 10]< a6 = [0, 10; 0; 0, 10]< a7 =

[0, 10; 0, 10; 0, 10] ( a8 = [0; 0, 10; 0, 10]0 "2 #$%&'(2 (∇̄q) )$2 
.8
$ *(*+,()+$2 >&( $ 
$'1M( 1$)(' 2(+)(*(+'.8,)$2 1(%, (>&,?@$  0A< ,22.'B ∇̄1 = ∇̄2 = ∇̄3 = ∇̄4 = 166, 7× 10−6m3 ( ∇̄5 = 333 × 10−6m30
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 !"  #"

 
"  %"

 &"  '""#$%&'  ()* (a) + , 
%., /0
,12,34, 01 404&'0/&,3 0 (b) ' (f) 
'/' 404&'0/&, 5%0 , 
,1260
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434342 !" #$%&'( )$)*% +$ ,*-*%(%(,.,(+$ / +*+$ ,(%$ 0$'*)1-2$ +$0 #$%&'(0 +$0 )()-*(+-$0 3&( $ 
$'5,6(7 $8)(9+$50(:
∇̄ =

5
∑

q=1

∇̄q ; < =
∇̄ = 0, 001m3 , ; <>= ! "#$
&$' (' ")*+,-.() ) (' /'0)*+' () 1,.0).,2 3,()0?*-* $8)(-50( $ 
(9)-12+( +$ ,*-*%(%(,.,(+$ +* @2A< <B7 8*0)* $8)(- $ ,$9)$ +( 29)(-0(
CD$ +( 0&*0 +2*A$59*20< E002'7 ,*-* $ ,*-*%(%(,.,(+$ (' 3&(0)D$7 $ 
(9)-12+( ;rb= ,$00&2 *0 
$$-+(9*+*0 [0, 05m; 0, 05m; 0, 05m]′<FG $ 
(9)-12+( +$ )()-*(+-$ +* @2A< <H ,$+( 0(- $8)2+$ ,(%* (I,-(00D$  <B ;J*
K(*9  LLB=:

@2A&-*  <B: M(9)-12+( +$ 
&8$ (rb)

rbq =
a1 + a2 + a3 + a4

4
, ; <B=E002'7 ,$+(50( +()(-'29*- *0 
$$-+(9*+*0 +$ 
(9)-12+( +( 
*+* )()-*(+-$ +$ ,*-*%(%(,.,(+$ ;rbq=:

rb1 = [0, 025m; 0, 025m; 0, 025m]7rb2 = [0, 075m; 0, 025m; 0, 075m]7 rb3 = [0, 075m; 0, 075m; 0, 025m]7
rb4 = [0, 025m; 0, 075m; 0, 075m] ( rb5 = [0, 05m; 0, 05m; 0, 05m]<N(9+$ 
*%
&%*+$ $0 #$%&'(0 ( $ 
(9)-12+(0 +$0 )()-*(+-$07 O$2 ,$00.#(% $8)(- $ 
(9)-12+( +$ ,*-*%(%(,.,(+$29+2-()*'(9)( *)-*#/0 +$ J$'(9)$ +( ?-2'(2-* "-+(' +$0 )()-*(+-$0 3&( $ 
$',6( ;Jq = rbq∇̄q= ;P((-Q F$R90)$9 STU =7 $9+( 3 / $ 2V+2
( +$ )()-*(+-$0<" J$'(9)$ +( ?-2'(2-* "-+(' +( &'* (0)-&)&-* 
$',$0)* +( #G-2$0 )()-*(+-$0 / $ 0$'*)1-2$ +$0 J$5'(9)$0 +( ?-2'(2-* "-+(' +( 
*+* )()-*(+-$ 3&( * 
$',6(< W(00( 
*0$7 $ J$'(9)$ +( ?-2'(2-* "-+('+$ ,*-*%(%(,.,(+$ / $ 0$'*)1-2$ +$0 J$'(9)$0 +( ?-2'(2-* "-+(' +( 
*+* )()-*(+-$ 3&( $ 
$',6(7
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444443 !

"#$%&'  ()* +,-.&/#0, 01 .,.&',0&1 (rbq)
1-31&4, ' ,5%'6718 ()9*
J =

nq
∑

q=1

Jq 8 ()91-0, nq : 1 -;4,&1 .1.'< 0, .,.&',0&1=(>4' ?,@ 5%, 1 A14,-.1 0, B&#4,#&' C&0,4 0, .10' ' ,=.&%.%&' : 0'01 D1& J = rb∇ .,4E=, rb = J∇−1(F==#4*
rb =

∑nq

q=1 rbq(∇̄q)

∇
8 (G9H1$1I 1 
,-.&/#0, 01 
%J1 D�0, =,& 1J.#01* rb = [0, 05m; 0, 05m; 0, 05m]. !" #$%
'%( )( *(%'+, -'.+,/0( ), #1)1 2,3/1,)/(+14 ' D<'.'31&4' 0#?#0#0' ,4 .,.&',0&1=I 1 1JL,.#?1 '$1&' : '-'<#='& 
'0' %4 0,<,= D'&' 1J.,& =,% ?1<E%4, =%J4,&=1 , =,% A14,-.1 0, B&#4,#&' C&0,4(C D&#4,#&1 D'==1 : 0,.,&4#-'& 5%'#= ?:&.#
,= 0, 
'0' .,.&',0&1 ,=.71 <1
'<#@'01= 'J'#M1 01 D<'-1 0'N$%'( O==1 : 3,#.1 '-'<#='-01E=, ' D1=#671 01 ?:&.#
, ,4 &,<'671 '1 D<'-1 0' N$%' -1 ,#M1 ?,&.#
'<( +141ID,<1 =#=.,4' 0, 
11&0,-'0'= 01 
1&D1I &,3,&,-
#'E=, 1 =,-.#01 ?,&.#
'< D'&' J'#M1 
141 D1=#.#?1I .101= 1=D1-.1= 
14 ' 
11&0,-'0' @ D1=#.#?' 8zn ≥ 09 =71 
1-=#0,&'01= =%J4,&=1=(
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454544 ! !"!# $%&'()'
+,- ./ 0(')&/) 
-1 - 23/%- ./ 456/"# 
%&# '( )()*%('*#& +%*
,%-.(/)( &01.(*&#&2 3%45&( /(
(&&6*,% % '()(*.,/%78# '#& +#/)#& '( ,/)(*&(
78#'%& %*(&)%& '(&&(& )()*%('*# 
#. # +-%/# '% 690%:;#.# %& %*(&)%& '( 
%'% )()*%('*# &8# &(9.(/)#& '( *()%&2 #& +#/)#& '( ,/)(*&(
78# 
#. # +-%/# '% 690%+#'(. &(* (<0%
,#/%'#& 
#.# % ,/)(*&(
78# (/)*( 0.% *()% ( 0. +-%/# =>,9:?:@A: B&&,.2 (&&( +#/)# '(,/)(*&(
78# +#'( &(* '(C/,'# +(-% (<0%78#D
aklq = α akq + (1 − α) alq , =?:EA#/'( akq ( alq &8# #& FG*),
(& '% %*(&)% '( ,/)(*(&&(2 aklq G # +#/)# '( ,/)(*&(
78# '% %*(&)% 
#. # +-%/#'% 690%2 k, l ∈ {1, 2, 3, 4}2 k 6= l &8# #& H/',
(& '#& FG*),
(&: I 
#(C
,(/)( α ∈ [0, 1] +*(
,&% &%),&3%4(* %(<0%78# [0, 0, 1]aklq =02 <0( *(+*(&(/)% % ,/)(*&(
78# '% %*(&)% '# )()*%('*# 
#. # +-%/# '% 690% =zn =0A:B &#-078# '(&&% (<0%78# GD

>,90*% ?:@D >,90*%5J/)(*&(
78# '% %*(&)% '# )()*%('*# 
#. # +-%/# '% 690%
α = [0, 0, 1]alq{[0, 0, 1]alq − [0, 0, 1]akq}

−1 . =?:KAB# &(* &01&),)0H'% /% (<0%78# ?:E2 #1)(.5&( # +#/)# '( ,/)(*&(
78# '%'# +#*D
aklq =

([0, 0, 1]alq)akq − ([0, 0, 1]akq)alq

[0, 0, 1]alq − [0, 0, 1]akq

. =?:LAJ'(/),C
%5&( %&&,. # F#-0.( &01.(*&# '( )()*%('*#& +%*
,%-.(/)( &01.(*&#&2 <0( G '(C/,'# +(-% +%*)(&01.(*&% '# )()*%('*# ( -,.,)%'% +(-# +-%/# '% 690%:M(&&% .%/(,*%2 % ,/)(*&(
78# '% %*(&)% '(C/,'% +(-#& FG*),
(& (0; 0;−0, 1) ( (0, 1; 0, 1; 0, 1) 
#. # +-%/#
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464645 !"#$%&"' #( (z = 0) )
''+"#%,",- #( m./ -#+&,0
aklq =

([0, 0, 1][0; 0;−0, 1])[0, 1; 0, 1; 0, 1]− ([0, 0, 1][0, 1; 0, 1; 0, 1])[0; 0;−0, 1]

[0, 0, 1][0; 0;−0, 1]− [0, 0, 1][0, 1; 0, 1; 0, 1]
, )12!3.

aklq =
[−0, 01;−0, 01;−0, 01]− [0; 0;−0, 01]

−0, 02
,

aklq = [0, 5; 0, 5; 0] )12!!. !"! #$%&'$(&) 
)+ ,+ -.&%/
$ 012+$&3)4 5&67+, 128 ('-9+, 7( 9#9+,#"+' 
'( ,:#%,- 7( ;<+9&
# -7=(#+-' (a1q)2 >#7 ;'?7(# -7=(#+-' < "#@?&(&9,"' :#?'- :'%9'- (a1q, a12q, a13q, a14q)/ A7# -B' "#9#+(&%,"'- :#?, #A7,CB' 12D2EF ' :'%9' {a1q} G'& '=9&"' "&+#9,(#%9# :#?, ?'
,?&H,CB' "# -7, 
''+"#%,", zn :'-&9&;, )zn > 0.2

a
1q

a
3q

a
2q

a
4q

a
12q

a
13q

. . .
a

14qWater plane
     (z

n
=0)

 !"#$% &'() *+,$%+-$. 
.0 #0 12$,!
+ 3#40+$3.5 1.6#0+ 7.-+ +8,9. 3+$ .4,!-. 7+6% +:#%;9. &'<= $++3
$!,% 7%$% +3,+ ,+,$%+-$.)
∇̄q =

∣

∣

∣

∣

(a12q − a1q) · [(a13q − a1q) × (a14q − a1q)]

6

∣

∣

∣

∣

, >&'<&?@+# 0.0+8,. -+ 7$!0+!$% .$-+0 2 -%-. 7+6% +:#%;9. &'<A)
Jq =

(

a1q + a12q + a13q + a14q

4

)

(∇̄)q , >&'<A? !"!" #$%&'$(&) 
)+ #&,- ./&%0
$- 123+$&-)-B#%8-. . ,+,$%+-$. 7.33#!$ ,$C3 12$,!
+3 3#40+$3.3= 
.0. 8%  !"#$% &'D= . 1.6#0+ % 3+$ 
%6
#6%-. 2 %-!E+$+8;% +8,$+ . 1.6#0+ ,.,%6 -. ,+,$%+-$. >∇? + . 1.6#0+ +0+$3. ∇emerso= .# 3+F%)
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474746 !

"#$%&' !()* +,-&',.&/ 
/1 -&23 45&-#
,3 3%61,&3/3
∇̄q = ∇−

∣

∣

∣

∣

(a12q − a1q) · [(a13q − a1q) × (a14q − a1q)]

6

∣

∣

∣

∣

. 7!(89:;1' 4,< =%, / 1/1,>-/ ./ -,-&',.&/ #>-,#&/ ?/., 3,& /6-#./ '-&'453 ./ 3/1'-@&#/ ./ 1/1,>-/ ./ 4/A%1,3%61,&3/ 
/1 / 1/1,>-/ ./ 4/A%1, ,1,&3/B -,1C3,*
J = Jq + Jemerso , 7!(8D:
Jq = J − Jemerso ,

Jq = rb∇− rbemerso∇emerso !"!# $%&'(%)'* 
*, -*./ 01'&.
%/ 234,%'/*/E%'>./ '?,>'3 ./#3 45&-#
,3 ,>
/>-&'1C3, 3%61,&3/3 7"#$( !(F:B / 4/A%1, 3%61,&3/ ?/., 3,& 
'A
%A'./.#4#.#>./C3, ' ?'&-, 3%61,&3' ,1 -&23 -,-&',.&/3( G 4/A%1, 3%61,&3/ 5 /6-#./ ?,A' ,=%'HI/ !(8J( KL /1/1,>-/ ., ?&#1,#&' /&.,1 5 /6-#./ '-&'453 ./ 1/1,>-/ ., ?&#1,#&' /&.,1 
/1/ >' ,=%'HI/ !(8M*
∇̄ =

nq
∑

1

∇̄qnq
7!(8J:

∇̄ =

3
∑

1

∇̄qnq
,

∇̄q = ∇̄1 + ∇̄2 + ∇̄3
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484847  
J =

nq
∑

1

Jqnq
!"#$%&

J =

3
∑

1

Jqnq
!"#$'&

Jq = J1q + J2q + J3q !"#$(&

)*+,-. "#(/ 012-.13-4 
46 2-78 9:-2*
18 8,;61-848# !"!# $%&'(%)'* +*,-.%&(,%/&% 012,%'3*<.-. 4 
.84 16 =,1 4 212-.13-4 1>
4>2-.?81 
46@A12.61>21 8,;61-84 !)*+#"#$B&C 4 94A,61 @431 81-
.A
,A.34 3*-12.61>21 @1A. 1=#"#$C 4, 81D./
∇̄q =

∣

∣

∣

∣

(a2q − a1q) · [(a3q − a1q) × (a4q − a1q)]

6

∣

∣

∣

∣

, !"#"B&1 4 81, 6461>24 31 @-*61*-. 4-316 : 
.A
,A.34 3*-12.61>21 @1A. 1=,.EF4 "#"$C 4, 81D./
Jq =

(

a1q + a2q + a3q + a4q

4

)

∇̄q . !"#"$& !"!4 $%&'(%)'* +*,-.%&(,%/&% 5,%'3*G.84 4 212-.13-4 1821D. 
46@A12.61>21 161-84C 81, 94A,61 8,;61-84 : >,A4C .88*6 
464 81, 6461>2431 @-*61*-. 4-316#
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1345./'3.6/. 7%83.&71 !"!# $%&'() *'+(),-% ) .)/0,% 1) 2(3'4% 15 6&5057%,(59131 1 :13.6/1 0. ;&#3.#&' <&0.3 0' 45'/'=1&3' #6/.#&' > 18/#01 01 713'/?&#1 017 :13.6/17 0.;&#3.#&' <&0.3 0. 
'0' /./&'.0&1 @%. ' 
134A.B '4?7 /.&317 18/#01 17 C15%3.7 . :13.6/17 0. 
'0'/./&'.0&1B 8'7/' %/#5#D'&317 '7 .@%'EA.7 ()(( . ()(!B 4'&' 18/.&317 1 C15%3. 7%83.&71 . 1 
.6/&1 0..34%F1 0' 45'/'=1&3')
∇̄ =

q
∑

1

∇̄q G()((H
J =

q
∑

1

Jq G()( H
rb =

J

∇̄
G()(!H

 !" #$%&'()*& +,', 
.$
/$& 0& 1&$/*2 3/4*2'3& 2 0& 
25)'& 022*+/6&;'&' 4177#8#5#/'& @%. 17 C15%3.7 017 /./&'.0&17 . 17 7.%7 
.6/&17 0. .34%F1 7.I'3 
'5
%5'01 0. =1&3'&J4#0' . '
%&'0'B =1# 0.7.6C15C#01 %3 '5$1&#/31B &.74167JC.5,
• 4.5' #0.6/#K
'EL1 017 416/17 0. #6/.&7.
EL1 01 /./&'.0&1 
13 ' J$%'B
• 4.51 
J5
%51 01 C15%3.B
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•  !"# $!%!&'()#*+, $, 
!)%&, $! !' ./, $! 
#$# %!%&#!$&,0
•  !", 
1"
.", $, 2,".'! 3.4'!&3,0
•  !"# $!%!&'()#*+, $, 
!)%&, $! !' ./, $#  "#%#5,&'#67 $(2(3+, $#  "#%#5,&'# !' %!%&#!$&,3 8 5!(%# '#).#"'!)%!0 (3%, 80 4#3!#)$,93! )# :!,'!%&(# $#  "#%#5,&'#0&!#"(;#93! # 3.# $(2(3+, !' %!%&#!$&,36 < )='!&, $! %!%&#!$&,3 ! ,3 28&%(
!3 >.! # 
,' ?! 3+, ()3!&($,3), #":,&(%',67  ,3(*+, $#  "#%#5,&'# !' &!"#*+, #,  "#), $# 1:.#0 ,4%($, 
,' ,3 %&#)3$.%,&!3 $! '!$(*+, $! )@2!"08 .%("(;#$# 
,',  #&A'!%&, $! !)%&#$#0 #33(' 
,', #3 
,,&$!)#$#3 $,3 28&%(
!3 $#  "#%#5,&'#0 B1 $!92($#'!)%! &,%#
(,)#$,3 ! %&#)3"#$#$,3  #&# , 3(3%!'# $! 
,,&$!)#$#3 ",
#"6 C,' !33#3 ()5,&'#*?!30, #":,&(%', .%("(;# ,3 %!%&#!$&,3  &89$!D)($,3 ! $!%!&'()# #  #&%! 3.4'!&3# $! 
#$# .' $!"!30 
,',!/ "(
#$, )#3 3!*?!3 #)%!&(,&!36 7%&#283 $, 3,'#%E&(, $! 
#$# .' $!"!30 :!&# , 2,".'! 3.4'!&3, 
,', #&A'!%&, $! 3#@$#0 #33(' 
,', , 
!)%&, $! !' ./, $#  "#%#5,&'#6
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 !"!# $%&'()%* +, -(.,/0&1, 2'/' 34(
6(, +, 7,(61% 8691%/*, % +, 3%:&/,+% ;126<, !"#$%&'# ( $ # )*!)+!# ,# -#!+'. /+0'.$/# . ,# ).1&$# ,. .'(+2#3 !"
 $
[vertices%transl] = RotacaoT ranslacao(vetor%eta)&' ()*+ 
,' -. /0.+.1$*2. 1$*.2 *$-.-$' , +*.!'0.-.-$' -$' '+,2. -, 
$$*-,!.-.'  !,*
 .0 /.*. $ ' '+,2. -, 
$$*-,!.-.' -$ 
$*/$3
[nq, t] = size(tetraedros)& !42,*$ +$+.0 -, +,+*.,-*$' -. /0.+.1$*2. 1$ 
.**,5.-$3
J = [0; 0; 0]

volume%submerso = 0& 2$2,!+$ -, /* 2, *. $*-,2 , ($062, '672,*'$ 1$*.2 -,
0.*.-$'  ! 
 .02,!+, !60$'3
[vertices%submersos, vertices%emersos] =

V ertices%Submersos(vertices%transl(:, tetraedros(q,1)),

vertices%transl(:, tetraedros(q,2)),

vertices%transl(:, tetraedros(q,3)),

vertices%transl(:, tetraedros(q,4))8$*.2 
.**,5.-$' $' ()*+ 
,' -$' +,+*.,-*$' 9: +*.!'0.-.-$'3
[l, s] = size(vertices%submersos);,+,*2 !$6<', =6.!+$' , =6. ' ()*+ 
,' ,'+>$ '672,*'$'3
if s == 0

Jq = [0; 0; 0]?, $ !42,*$ -, ()*+ 
,' '672,*'$' 1$* !60$@A,*.<', $ ($062, '672,*'$ , $ 
,!+*$ -, ,2/6B$3
elseif s == 1

[volume%q, Jq] = Um%V ertice%Submerso(vertices%submersos, vertices%emersos)

elseif s == 2

[volume%q, Jq] = Dois%V erticesSubmersos(vertices%submersos, vertices%emersos)

elseif s == 3

[volume%q, Jq] = Tres%V ertices%Submersos(vertices%submersos, vertices%emersos)

else
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525251 ! !"#$%&'# ( $ # )*!)+!# ,# -#!+'. /+0'.$/# . ,# ).1&$# ,. .'(+2#3
[volume q, Jq] = Completamente Submerso(vertices submersos)

end!"#" $%&%#'()"$" *+")&($"$% $% ,-#&(
%/ /+0'%#/1/2 +'" #1&()" %/3%
45
"- 
6"'"$"7
J = Jq + J

volume submerso = volume q + volume submerso8"9
+9":/% 1 '1'%)&1 $% ()-#
(" % 1 ,19+'% /+0'%#/1 $% &1$" " 39"&";1#'"7<1( 
1'3+&"$1 1 
%)&#1 $% %'3+=1 $" 39"&";1#'"7
ifvolume submerso < minimo volume>,(&1+:/% +'" $(,(/?1 31# @%#12 
"/1 %' *+% 1 ,19+'% /+0'%#/1 - )+917
volume submerso = 0

centro empuxo = [0; 0; 0]A1 
"/1 $1 ,19+'% )+912 1 
%)&#1 $% %'3+=1 % 1 ,19+'% /+0'%#/1 ;1#"'$%
9"#"$1/ )+91/7%9/%
centro empuxo = J/volume submerso

end8"9
+91+:/% 1 
%)&#1 $% %'3+=1 3"#" +' ,19+'% /+0'%#/1 $(;%#%)&% $% @%#17
centro empuxo = centro empuxo : translacao

centro empuxo = rotacao euler ∗ centro empuxoB/ 
11#$%)"$"/ $1 
%)&#1 $% %'3+=1 ;1#"' &#")/9"$"$"/ %#1$"$"/ $1 /(/&%'" $% 
11#$%)"$"/ $1 
1#31 3"#" 1 /(/&%'" ()%#
("97
saida = [volume submerso; centro empuxo]
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535352 ! !" #$%&'()*+% ,+-.&()
0+1)0%"#$%&'( 
*&+%,'-./( 0*1'& 1/'#23'4'( 
*& * 25,%2,* 4/ 
*&+1*6'1 * 0%5
2*5'&/5,* 
*11/,* 4* +1*$1'&'4/(/56*#624*7 8' 92$%1' :7;;< ' +1*0%5424'4/ 4' +#','0*1&' 0*2 '#,/1'4'< (/& 25
#25=>#' 
*5(24/1=6/2(7?*4/>(/ *@(/16'1 A%/ * 6*#%&/ 6'12' #25/'1&/5,/ 4/ 0 a 0, 008m3< A%'54* *( B%,%'4*1/( /(,C* 
*&+#/,'>
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92$%1' :7;;D E*#%&/ (%@&/1(* / 
**14/5'4'( 4* 
/5,1* 4/ /&+%F* /& 0%5-C* 4' +1*0%5424'4/ >
(φ, θ, ψ = 0◦)&/5,/ (%@&/1(*(7 "* ',25$21 /((/ 6*#%&/ ' 6'12'-C* G &/5*1< H= A%/ * 6*#%&/ 4*( +2#'1/( 4' +#','0*1&'G 
*5(24/1'6/#&/5,/ &/5*1 A%/ * 4' @'(/7 "( 6'12'-./( /& xb e yb (C* /11*( 5%&G12
*( 4* +1*$1'&'<
'%('4*( +*1 '11/4*54'&/5,*(7 I*& * '%&/5,* 4* 6*#%&/< +/1
/@/>(/ %&' '#,/1'-C* +1*+*1
2*5'# 5'+*(2-C* zb 4* 
/5,1* 4/ /&+%F*78' 92$%1' :7;:< %& &*62&/5,* 4/ H*$* 4/ −90◦ a + 90◦ +*4/ (/1 *@(/16'4*7?*4/>(/ +/1
/@/1 A%/ * 6*#%&/ (%@&/1(* 42&25%2 
*50*1&/ ' +#','0*1&' G 25
#25'4'< H= A%/ +'1,/ 4'@'(/ 4' +#','0*1&' ('2 4' =$%' A%'54* ' &/(&' G 25
#25'4'7 I*&* ' 25
#25'-C* G 0/2,' /& ,*15* 4* /2F*
x '( 6'12'-./( /& ,*15* 4/ xb (C* &/1'&/5,/ /11*( 5%&G12
*( / '( 6'12'-./( /& ,*15* 4/ yb e zb +*4/&(/1 *@(/16'4'( 5*( $1=J
*(7K/ 0*1&' (/&/#L'5,/ = '5,/12*1< 5' 92$%1' :7; %& &*62&/5,* 4/ @'#'5-* /& ,*15* 4* M5$%#* 4/ '10'$/&+*4/ (/1 *@(/16'4*7"( 6'12'-./( /& ,*15* 4/ yb (C* &/1'&/5,/ 1%N4*( 4/ (2&%#'-C* / '( 6'12'-./( /& ,*15* 4/ xb e zb +*4/&(/1 *@(/16'4'( 5*( $1=J
*(78'( 92$(7:7;: / :7; < +*4/>(/ +/1
/@/1 %&' 6'12'-C* 5' +*(2-C* 4* 
/5,1* 4/ /&+%F*7 O(,* (/ 4/6/ '*4/(/56*#62&/5,* 4* 6*#%&/ (%@&/1(* '* #*5$* 4* /2F* ,1'5(6/1('# P 1*,'-C*7 8* &*62&/5,* 4/ H*$*Q1*,'-C* 5* /2F* XR< * 6*#%&/ 4/(#*
'>(/ '* #*5$* 4* /2F* Y / 5' '10'$/&< '* #*5$* 4* /2F* X 7
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 !"#$%&' (
 !"!#$%&'(�*  *+,'#-$!"#*+  '  %&-$%.'  ',/'"'0*#$' !"#$%" #& #'()!'
& #& +%&,&-".!& -"' #$/$(0"%0'#" 
"! " "12$,'0" #$ +$.!','. & /'!3%&45" #& #'()!'
&#& +%&,&-".!& $ " #$/$(0"%0'!$(," #" 
"(,."%&#". 
"! "1/$.0&#". #$ $/,&#"67 0&%'#&45" #" !"#$%" /$ -&8 ($
$//9.'& 
"!" -".!& #$ 
"!+."0&45" #$ :3$ "/ !"0'!$(,"/ #& +%&,&-".!&/5" .$+."#38'#"/ #$ !&($'.& 
"$.$(,$6 ;(,.$,&(,"< &%=3(/ !"#$%"/ #'()!'
"/ 
"(,>! +&.)!$,."/ #$/
"(?@$
'#"/ $ #$ #'-A
'% #$,$.!'(&45"< !$/!" 
"! $B+$.'!$(,"/ $! %&1".&,C.'"/ &%,&!$(,$ /"D/,'
&#"/6 E!&!$#'#& +.9,'
& +&.& & #$,$.!'(&45" #$//$/ +&.)!$,."/ 
"(/'/,$ $! $/,'!9?%"/ F +&.,'. #$ #&#"/ $B+$.'?!$(,&'/ #" +."
$//" GH323(< I$(/"( J K3.,8 LMMNO67 #$,$.!'(&45" #$ +&.,$ #$//$/ +&.)!$,."/ -"' -$',& &,.&0>/ #& 
"!+&.&45" #"/ .$/3%,&#"/ $B+$.'!$(,&'/"1,'#"/ $! GP".,$/ LMMQO< 
"! "/ .$/3%,&#"/ #&/ /'!3%&4R$/ 3,'%'8&(#" " !"#$%" #$/$(0"%0'#" (" S&+6L $.$+."#38'(#" &/ /',3&4R$/ #"/ $B+$.'!$(,"/ .$&%'8&#"/ 
"! & +%&,&-".!&6  / #$!&'/ +&.)!$,."/ -".&!"1,'#"/ #& =$"!$,.'& #& +%&,&-".!&6;//$/ $B+$.'!$(,"/ -".&! .$&%'8&#"/ $! 
&#& 3! #"/ ,.T/ =.&3/ #$ %'1$.#&#$ #$ '(,$.$//$ G+."-3(#'#&#$<2"=" $ &.-&=$!O6 !" #$%$&'()*+,- .-/ 0*&1'$%&-/ 2*&* - 3&*4 .$ 5(6$&.*.$ 7$&8%(
*: !"! #$%$"&'(!" )* +!",&$%")* #) -"!. #$ /'0$"#!#$ 1$"%'
!/ 3)' "$!/'4!#) $& 56)"%$* 7889: .& $;+$"'<&$(%) 
)& ! +/!%!3)"&! "$!/'4!(#) .& &)1'&$(%) $;
/.*'1!&$(%$ 1$"%'
!/ (φ, θ, ψ = 0◦)= 56'-."! >?@:?A$**$ $;+$"'&$(%)= ! +/!%!3)"&! 3)' *)/%! (! *.+$"3B
'$ #! C-.! 5+")3.(#'#!#$ #$ +$($%"!DE) '('
'!/ (!C-.! '-.!/ ! 0&: 
)& .& (B1$/ #$ C-.! ()* %!(F.$* #$ /!*%") '-.!/ ! 0, 010&? G (B1$/ #! C-.! ()*H855



565655 !"#$%&'( )*+ ,#$"+-* 
*$("#$"' -&/#$"' "*-* * '01'/+,'$"* 1*/ 
*$"/*2#-*/'( 1/*1*/
+*$#+(34( *(
+2#56'( $# #,12+"&-' -# 1/*)&$-+-#-' ,'-+-# (7* 1/*8*
#-#( 1*/ *$-#( 9'/#-#( 1'2# %&'-# -#
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:+9&/# ;3!< =*8+,'$"* >'/"+
#2 -# 12#"#)*/,#312#"#)*/,#3 ?@('/8#$-*A(' #( )/'%&B$
+#( -' *(
+2#56'( $* 9/CD
* -# :+93;3! 1*-'A(' '("+,#/ # #2"&/#,'"#
B$"/+
# E-+("F$
+# '$"/' * rb
g ' *MT GH IC %&' %&#$"* ,#+( #
+,# '("+8'/ * ,'"#
'$"/* ', /'2#57* #*
'$"/* -' 9/#8+-#-'H ,#+*/ ('/C * 
*$I&9#-* %&' 
*$"/#/+# # /*"#57* 'H 1*/"#$"*H ,#+( '("C8'2 * '%&+2J@/+*EK+/#$ LMM;G3 4((+,H # #1/*0+,#57* -# )/'%&B$
+# -' *(
+2#57* -* ,*-'2* (+,&2#-* 
*, *( -#-*( '01'/+A,'$"#+(H 1'/,+"+& '("+,#/ #( 
**/-'$#-#( -* rb

g3 41'(#/ -* #,*/"'
+,'$"* ' -#( )/'%&'$
+#( -' *(
+2#57*$7* ('/', '0#"#,'$"' +9&#+(H '((' ,*-'2* N #-'%&#-* 1'2# /*@&("'O -* 
*$"/*2#-*/ E# /'#2+,'$"#57*/'-&O #( -+)'/'$5#( '$"/' * ,*-'2* ' # 12#"#)*/,# /'#2G E:*/"'( LMMPG34 ,#((# -# 12#"#)*/,# ('
# 1�-' ('/ 
#2
&2#-# *@('/8#$-*A(' # 1/*)&$-+-#-' -' '%&+2J@/+* -# 12#"#)*/,#3R((# 1*(+57* (0, 070m) N #"+$9+-# %&#$-* #( )*/5#( 1'(* ' ',1&0* (' +9&#2#,3 S*,* #( -+,'$(6'( -#12#"#)*/,# (7* 
*$T'
+-#(H )*+ 1*((J8'2 -'"'/,+$#/ # )*/5# ',1&0* $'((# 1/*)&$-+-#-' ' # ,#((# -' C9&#$*( "#$%&'( -' 2#("/*3 4* +9&#2#/ * 1'(* -# 12#"#)*/,# ' -# ,#((# -' C9&# $*( "#$%&'( 
*, * ',1&0**@"',A(' # ,#((# -# 12#"#)*/,# mrb = 5, 25kgH 
*,* 1*-' ('/ 8+("* $# U#@'2#;3!3 4 #
'2'/#57* -#9/#8+-#-' &"+2+O#-# )*+ -' 9, 78m/s2 ' # -'$(+-#-' -# C9&# &"+2+O#-# )*+ -' 1000kg/m33V&/#$"' #( (+,&2#56'( $*"*&A(' %&' # &"+2+O#57* -' &, #"/+"* 8+(
*(* 1/*1*/
+*$#2 E' $7* * %&#-/C"+
*
*,* +$+
+#2,'$"' (' 1'$(#8# ',E:*/"'( W S&$T# LMMXGG #1/'('$"*& ,'2T*/'( /'(&2"#-*( ('$-* '$"7*&"+2+O#-*H ,'(,* $7* /'Y'"+$-* 1'/)'+"#,'$"' * 
*,1*/"#,'$"* /'#2 %&' #1/'('$"# *( -*+( "+1*( -' #"/+"*E* 1/*1*/
+*$#2 ' * %&#-/C"+
*G3 Z'/#2,'$"' *( (+("',#( ,#/J"+,*( #1/'('$"#, *( -*+( "+1*( -' #"/+"*E['8'( W \*-/+9&'O LMMXG3 ? 
*'D
+'$"' -' #"/+"* 8'/"+
#2 )*+ #I&("#-* -' ,#$'+/# # #1/*0+,#/ *(/'(&2"#-*( -' (+,&2#57* ' * '01'/+,'$"#2 Ed33 = 110]9^,G3 V# ,'(,# ,#$'+/# )*+ 1*((J8'2 #I&("#/ #(,#((#( #-+
+*$#+(H /'(1*$(C8'+( 1'2* ,*8+,'$"* *(
+2#"_/+* -# 12#"#)*/,# $* '%&+2J@/+* EZẇ = 1kgG3 R(('(1#/F,'"/*( 1*-', ('/ 8+("*( $# U#@'2# ;3!3
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575756 !"#$%&# '()* +#,-.%/,01 0$/2301 3# 4%0.%/,2# 3# 5&#/#60,.# % 3#1 
08329:%1 282
2#21 !"#$%&"' ()$*'+' ,!+'" -./0!0%.#11# 3# 5&#/#60,.# mRB 5, 25 kg
%8/,0 3% 4,#;23#3% rb
g [0; 0;−0, 10] m<,%# 3# 5&#/#60,.# Abp 0, 0370 m2<,%# 301 /#8=>%1 3% &#1/,0 Abj ?@??AA m2"#$%&# '(!* +#,-.%/,01 0$/2301 3% ,%1>&/#301 %B5%,2.%8/#21 % 3% 12.>&#9:%1 5#,# 0 4,#> 3% &2$%,3#3%;%,/2
#&(  !"#$%&"' ()$*'+' ,!+'" -./0!0%C0%D
2%8/% 3% #.0,/%
2.%8/0 d33 110 kg/mE#11#1 F32
208#21 ZẆ ) kg !" #$%$&'()*+,- .-/ 0*&1'$%&-/ .*/ 2-'3*/ .-/ 4*)56$/ .$7*/%&-+#,# 23%8/2D
#, 01 5#,-.%/,01 301 .03%&01 3#1 $0.$#1 3% &#1/,0 (kin e kout) 602 ,%#&2G#30 >. /%1/%1%.%&H#8/% #0 3%1
,2/0 %. IJ0,/%1 K C>8H# !??LM % =>% 503% 1%, 0$1%,;#30 8# J24>,# '(!( N%1/%1 /%1/%1@60,#. #5&2
#301 3%4,#>1 >82/<,201 801 128#21 3% 
08/,0&% 3#1 $0.$#1@ ,%1>&/#830 %. ;#,2#9:%1 801 8O;%213% <4># 301 /#8=>%1( +%,
%$%P1% 
&#,#.%8/% >. 3%1;20 80 
0.50,/#.%8/0 3#1 $0.$#1 #5,%1%8/#30 8#J24>,# '(' %. ,%&#9Q0 #01 /%1/%1 ,%#&2G#301 %. IJ0,/%1 K C>8H# !??LM( R# #8<&21% 301 ,%1>&/#301 301/%1/%1 60,#. %B/,#O301 01 5#,-.%/,01 3#1 $0.$#1 ;21/01 8# "#$%&# '(!(+%,
%$%P1% 
&#,#.%8/% >.# 326%,%89# 80 
0.50,/#.%8/0 3#1 $0.$#1 301 /#8=>%1 801 3021 
#101( S1103%;%P1% 5,28
25#&.%8/% #0 6#/0 3%@ 80 1%4>830 /%1/%@ /%, 1230 >/2&2G#P3# >.# 608/% 3% 
0,,%8/% 
08/O8>#5#,# #&2.%8/#9Q0 3#1 $0.$#1@ %8=>#8/0@ 80 5,2.%2,0@ 602 >/2&2G#3#1 >.# $#/%,2#( "#.$T.@ 80 1%4>830/%1/%@ 503%P1% 0$1%,;#, >.# 321
,%5-8
2# 12482D
#/2;# 8# $0.$# 30 /#8=>% 3% &#1/,0 3 50, /,#/#,P1% 3%>.# $0.$# 80;#@ U< =>% # #8/24# #5,%1%8/0> 3%6%2/01 
#>1#301 50, 0B23#9Q0(V.# 326%,%89# 8#1 ;#G:%1 3% %8/,#3# % 3% 1#O3# 5�3% 1%, 0$1%,;#3# 
0.5#,#830P1% 01 3#301 %B5%,2P.%8/#21 
0. 01 3#301 3% 12.>&#9Q0 3#1 $0.$#1 3% &#1/,0( S110 503% 1%, %B5&2
#30 5%&0 %8;%&H%
2.%8/08#/>,#& 3#1 $0.$#1 % 1># 0B23#9Q0(
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Lastro 2

Lastro 1"#$%&' !(!* +,-./ 012 3'04%.2 5. /'23&1 4%'051 5.$&'%2 %0#36&#12 71&'8 '9/#
'512 0'2 ;18;'2 5. /'23&1.8 t = 2s< 5%&'03. 12 3.23.2 &.'/#='512 9'&' .23' A#22.&3'BC1 ! "#$#%&'()*+, -,. /)%0&#$%,. 1)%) , 2,3'&#($, -# 4%5)6#&"1&'8 &.'/#='512 51#2 .D9.&#8.0312 9'&' .22. $&'% 5. /#;.&5'5.< 5.2
&#312 .8 E"1&3.2 )FFGH( +1 9&#8.#&1<' 9/'3'71&8' 71# #0
/#0'5' .8 −8◦ . /#;.&'5'< 
18 2.% 81-#8.031 2.051 &.$#23&'51 ' 9'&3#& 51 818.031 5.
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595958  !"#$%" &'&( )"*+,$-*./ .#-01./ 1./ -$/-$/ 
., "/ #.,#"/ 1./ -"345$/ 1$ %"/-*. !"#$%&"' ()$*'+' ,!+'" -./0!0%6"78. ,9:0," 1" #.,#" 1$ $3-*"1" kin 21 × 10−6 m3/s6"78. ,9:0," 1" #.,#" 1$ /";1" kout 22 × 10−6 m3/s/5" %0#$*"<8.' =. /$>531.? 1.0/ 1./ 45"-*. -"345$/ 1$ %"/-*. -06$*", /$5/ 6.%5,$/ 1$ 9>5" ,.10@
"1./?
., . .#A$-06. 1$ B*.6.
"* 5," B$45$3" 03
%03"<8.'C/ D0>5*"/ &' " &'E ,./-*", ./ *$/5%-"1./ $:B$*0,$3-"0/ $ 1$ /0,5%"<8. 1./ $:B$*0,$3-./ *$"%07"1./'=. B*0,$0*. $:B$*0,$3-.? . 6.%5,$ 1./ -"345$/ 1$ %"/-*. 1 $ 3 F.*", "%-$*"1./ 1$ 8, 8 × 10−5m3 B"*"
1, 4 × 10−4m3? $345"3-. ./ 6.%5,$/ 1./ -"345$/ 2 $ 4 F.*", ,"3-01./ $, 8, 8 × 10−5m3? 
.,. B.1$/$* 60/-. 3" D0>'&' ' G/ >"3H./ kin e kout 1"/ #.,#"/ F.*", "A5/-"1./ 1$ ,"3$0*" " *$B*.1570* .
.,B.*-",$3-. 1"/ #.,#"/ 5-0%07"1"/ 3. $:B$*0,$3-.' I//" "%-$*"<8. 3. 6.%5,$ 1$ 9>5" 1./ -"345$/03
%03.5 " B%"-"F.*," 1$ 5, +3>5%. 1$ "B*.:0,"1",$3-$ −5, 3◦' J," B$45$3" 1$/
.3-03501"1$ B�1$/$* .#/$*6"1" $,? "B*.:0,"1",$3-$? 3 /$>531./' I//" 1$/
.3-03501"1$ B.1$ /$* "-*0#5;1" ". ,.,$3-.$, 45$ "/ #.,#"/ 1$ %"/-*. B"*", 1$ $3
H$* ./ -"345$/? . 45$ B.1$ .
.**$* 1$ F.*," "#*5B-"'=" D0>5*" &'E? B.1$L/$ .#/$*6"* . 
.,B.*-",$3-. 1" B%"-"F.*," 45"31. M 03
%03"1" $, −8◦ $ 
., .
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Angulo de Arfagem quando tanques 1 e 3 passam de 0.010 para 0.013m

D0>5*" &' ( N.60,$3-. 1$ C*F">$, 1" B%"-"F.*," 
., " 6"*0"<8. 1./ 6.%5,$/ 1./ -"345$/ 1$ %"/-*. 1 $
3 1$ 8, 8 × 10−5m3 B"*" 1, 4 × 10−4m3 $ 
., ./ 6.%5,$/ 1./ -"345$/ 2 $ 4 ,"3-01./ $, 8, 8 × 10−5m3'6.%5,$ 1./ -"345$/ 1$ %"/-*. /$31. ,"3-01. $, 8, 8 × 10−5m3' G#/$*6"L/$ 45$? ". /$* /.%-"? $%" *$-.*3"*"B01",$3-$ " B./0<8. 1$ $450%;#*0.? ,"3-$31.L/$ $/-96$%'G/ N.,$3-./ 1$ O3M*
0" P/.,"1./ "/ N"//"/ C10
0.3"0/Q $ ./ R.$@
0$3-$/ 1$ C,.*-$
0,$3-./? F.*",.#-01./ "-*"6M/ 1. 
"/",$3-. 1. #"%"3<. 1" B%"-"F.*," $:B$*0,$3-"% $ 1./ *$/5%-"1./ 1$ /0,5%"<8. $
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"#$%&' ()!* +,-%./0 1,0 2'34%/0 1 / 3 '-2/&'1,0 1/ 8, 8 × 10−5m3 5'&' 1, 4 × 10−4m3 / ,0 6,-%./0 1,02'34%/0 2 / 4 .'32#1,0 /. 8, 8 × 10−5m3)
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Movimento de Pitch iniciado de 8 graus

"#$%&' ()7* 8,6#./32, 1/ 9&:'$/. 1' 5-'2':,&.' 
,. ' 6'&#'<=, 1' #3
-#3'<=, 1' 5-'2':,&.' /. −8◦ /
,. , 6,-%./ 1,0 2'34%/0 1/ -'02&, .'32#1,0 /. 8, 8 × 10−5m3)5,1/. 0/& 6#02,0 3' >'?/-' ()() !" #$%$&'()*+,- .-/ 0*&1'$%&-/ 2*&* - 3-4('$)%- .$ 5-6-",&'. &/'-#@'1,0 1,#0 /A5/&#./32,0B 0/./-C'32/0 ',0 '32/&#,&/0B 5'&' /00/ $&'% 1/ -#?/&1'1/) D' "#$%&' ()E:,# #30/&#1' %.' 6'&#'<=, 3, 6,-%./ 1,0 2'34%/0 1/ -'02&, 2 / 4 1/ 8, 8×10−5m3 5'&' 3, 00×10−4m3B /3F
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616160 !"#$%&# '( ) *#+,-%.+/0 /$.12/0 2% +%03&.#2/0 %45%+1-%6.#10 % 2% 01-3&#78%0 2/ -/91-%6./ 2# #+:#;%- !"#$%&"' ()$*'+' ,!+'" -./0!0%</-%6./0 2% =6>+
1# + <#00#0 @21
1/6#10 Ix +Kṗ 0, 68 kgm2</-%6./0 2% =6>+
1# A+3B#2/0 + <#00#0 @21
1/6#10 Izx +Nṗ 0 kgm2A/%C
1%6.% 2% #-/+.%
1-%6./ d44 2 kg/mD3#6./ /0 9/&3-%0 2/0 .#6D3%0 1 % 3 :/+#- -#6.12/0 %- 8, 8×10−5m3( E- 9/&3-% 3- 5/3
/ -#1/+F %-+%&#7G/ #/ 3.1&1B#2/ 5#+# # @+:#;%-F :/1 3.1&1B#2/ 6%00% %45%+1-%6./ 5#+# D3% # 16
&16#7G/ 2# 5&#.#:/+-#532%00% 0%+ 
&#+#-%6.% 6/.#2# HI/+.%0 JKKLM( @0 9#+1#78%0 6/0 6N9%10 2/0 .#6D3%0 2% &#0.+/ 5/2%- 0%+910.#0 6# I1;3+# '(O( A/-/ 5/2% 0%+ 910./ 6# I1;('(PF %00# #&.%+#7G/ 6/ 9/&3-% 2% Q;3# 2/0 .#6D3%016
&16/3 # 5&#.#:/+-# 2% 3- ,6;3&/ 2% #5+/41-#2#-%6.% 3, 5◦(R# I1;3+# '(SF 5/2%T0% /$0%+9#+ / 
/-5/+.#-%6./ 2# 5&#.#:/+-# D3#62/ > 16
&16#2# %- #5+/41-#2#T
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Angulo de jogo quando os tanques 3 e 4 passam de 0,010 para 0,030m

I1;3+# '(P) </91-%6./ 2% U/;/ 2# 5&#.#:/+-# 
/- # 9#+1#7G/ 2/0 9/&3-%0 2/0 .#6D3%0 2% &#0.+/ 2 % 42% 8, 8 × 10−5m3 5#+# 3, 00 × 10−4m3 % 
/- /0 9/&3-%0 2/0 .#6D3%0 1 % 3 -#6.12/0 %- 8, 8 × 10−5m3(-%6.%−13◦ 
/- / 9/&3-% 2/0 .#6D3%0 2% &#0.+/ 0%62/ -#6.12/0 %- 8, 8×10−5m3( */2%T0% /$0%+9#T0% D3%F#/ 0%+ 0/&.#F %&# +%./+6# +#512#-%6.% # 5/017G/ 2% %D31&N$+1/F -#6.%62/T0% %0.Q9%&( @0 2%0
/6.16312#2%0/$0%+9#2#0 6/0 2#2/0 %45%+1-%6.#10 5/2%- 0%+ V30.1C
#2#0 5%&/ #.+1./ 6#0 %6;+%6#;%60 2/0 5W623&/03.1&1B#2/0 5#+# # -%217G/ 2/0 ,6;3&/0 2% 16
&16#7G/ 2# 5&#.#:/+-#(
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"#$%&' ()*+ ,-./'0 1-0 2'34%50 15 6'02&- 4%'31- -0 7-6%.50 1-0 2'34%50 2 5 4 8-&'. '625&'1-0 15
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 !
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Movimento de Roll iniciado em 13 graus

"#$%&' ()*+ ,-.#/012- 30 4-$- 3' 56'2'7-&/' 
-/ ' .'&#'9:- 3' #1
6#1'9:- 3' 56'2'7-&/' 0/ −13◦ 0
-/ - .-6%/0 3-; 2'1<%0; 30 6';2&- /'12#3-; 0/ 8, 8 × 10−5m3)=; ,-/012-; 30 >1?&
#' @;-/'3-; '; ,';;'; A3#
#-1'#;B 0 -; C-0D
#0120; 30 A/-&20
#/012-7-&'/ -E2#3-; '2&'.?; 3- 
';'/012- 3- E'6'19- 0F50&#/012'6 3' 56'2'7-&/' 
-/ -; &0;%62'3-; 30 ;#/%G6'9:- 0 5-30/ ;0& .#;2-; 1' H'E06' () )=; ,-/012-; 30 >1?&
#' ;-/'3-; '; ,';;'; A3#
#-1'#; 0/ 3-#; $&'%; 30 6#E0&3'30 ;#/%62I10-; 7-&'/H'E06' ()J+ K'&I/02&-; -E2#3-; 30 &0;%62'3-; 0F50&#/012'#; 0 30 ;#/%6'9L0; 3- ,-.#/012- 30 4-$- !"#$%&"' ()$*'+' ,!+'" -./0!0%,-/012-; 30 >1?&
#' + ,';;'; A3#
#-1'#; Iy + Mq̇ 0, 22 kgm2,-/012-; 30 >1?&
#' C&%M'3- + ,';;'; A3#
#-1'#; Ixy + Kq̇ 0 kgm2,-/012-; 30 >1?&
#' C&%M'3- + ,';;'; A3#
#-1'#; Iyz + Nq̇ 0 kgm2C-0D
#0120 30 '/-&20
#/012- d55 1 kg/m30;5&0M'3-; 5-& ;0 
-1;#30&'& <%0N 10;;0 /-306-N ' 56'2'7-&/' 1:- &0'6#M' 0;;0 2#5- 30 /-.#/012-)C-/ '; ;#/%6'9L0; 1- 4-$- 0 1' A&7'$0/N 7-# 5-;;O.06 'P%;2'& - 
012&- 30 $&'.#3'30 3' 56'2'7-&/'N 307-&/' ' 'P%;2'& ;0% E'6'19- 10;;0; $&'%; 30 6#E0&3'30)
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 !"#$%&' (
 !"#$!%& '!$$&(%)*&"#(+�! -& &.#(-! !"#$%& &'"$(# $)
+"
(# ,% -./0%$/# ,% 
/+$./1(,/. 2(#%(,(# %& ,"3%.%+$%# &)$/,/# 
/&/ .%#-/#$( %&3.%4'5+
"( /' +/ 1'6(. ,(# .(787%#9  #$(# $)
+"
(# 6%.(1&%+$% $.($(,(# 
/&/ 
1:##"
(#; /' &)$/,/# $.(,"<
"/+("#; #=/ &'"$/ (-./-."(,(# -(.( / -./0%$/ -.:$"
/ % ( &("/."( ,/# #"#$%&(# ,% 
/+$./1% #=/ -./0%$(,/#'#(+,/ >(."(?@%# ,%#$%# &)$/,/# ABC"11"-# D E(.2/. FGGHI9J&( "&-/.$(+$% -./-."%,(,% ,%#$%# &)$/,/#; 
C(&(,( ./2'#$%7; -/##"2"1"$( 4'% (# 
(.(
$%.8#$"
(# ,/ #"#<$%&( ,% &(1C( 3%
C(,( .%#'1$(+$% $%+,(& ( #%. "+#%+#8>%"# ( -%4'%+(# "&-.%
"#@%# +/ &/,%1/ ,/ #"#$%&(9 #$( 
(.(
$%.8#$"
( ) &'"$/ "&-/.$(+$% ,%>",/ K ,"L
'1,(,% %& #% %+
/+$.(. '& &/,%1/ 1"+%(. -.%
"#/ ,%'& #"#$%&( 38#"
/; 0: 4'% &'"$/# #"#$%&(# (-.%#%+$(& +=/<1"+%(.",(,%# #"6+"L
($">(# +( /-%.(?=/9M -."&%"./ -(##/ -(.( / 
/+$./1% ,/ &/>"&%+$/ >%.$"
(1 % ,( %#$(2"1",(,% ,/ 2(1(+?/ ,( -1($(3/.&(#%&"#'2&%.#8>%1; &(+"-'1(+,/<#% / >/1'&% ,% :6'( %& #%'# $(+4'%# ,% 1(#$./; 3/" / ,%#%+>/1>"&%+$/ ,%'& 
/+$./1(,/. 
/& .%(1"&%+$(?=/ ,% %#$(,/9  ##% -./
%##/ ,% .%(1"&%+$(?=/ 
/+#",%.( '& >%$/. ,%6(+C/# (-1"
(,/ K# >(.":>%"# ,% %#$(,/ ,/ #"#$%&( AM6($( NOOPI9 M 
/+$./1(,/. 
/& .%(1"&%+$(?=/ ,%%#$(,/ $%& 
/&/ /20%$">/ ( .%(1/
(?=/ ,/# -/1/# ,/ #"#$%&( ,% &(+%".( ( &%1C/.(. ( #'( .%#-/#$( K#%+$.(,(# ($."2'8,(#9 Q 2(#% -(.( / #%' ,%#%+>/1>"&%+$/ ,/ 
/+$./1% ) / &/,%1/ %& %#-(?/ ,% %#$(,/ ,(-1($(3/.&( 4'% ,%#
.%>% / &/>"&%+$/ ,"+R&"
/ ,/ #"#$%&(9M &/,%1/ ,( -1($(3/.&(; 2(#%(,/ %& %#-(?/ ,% %#$(,/; -/,% #%. %#
."$/ 
/+3/.&% (# %4'(?@%# (2("!/S

ẋ = Ax+Bu , AT9FI
y = Cx+Du , AT9NI/+,% x ) / >%$/. ,% %#$(,/; u ) ( %+$.(,( ,/ #"#$%&(; y ) ( #(8,( ,/ #"#$%&(; A ) ( &($."7 ,% %#$(,/; B) ( &($."7 ,% %+$.(,(; C ) ( &($."7 ,% #(8,( % D ) ( &($."7 ,% $.(+#&"##=/ ,".%$(9B(.( .%(1"7(. / 
/+$./1% -/. .%(1"&%+$(?=/ ,% %#$(,/; ( 1"+%(."7(?=/ ,/ #"#$%&( #% 3%7 +%
%##:."(; 0: 4'% (.%-.%#%+$(?=/ ,( -1($(3/.&( ) +=/<1"+%(. % >(."(+$% +/ $%&-/9TG
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 !
u dx/dt x y

YU Integrator

1

s

D

K*u

C

K*u

B

K*u

A

K*u"#$%&' ()*+ ,-./0- .' 10'2'3-&4' /4 /51'6- ./ /52'.- !" #$%&'($)'*+,7 4'#-&#' .-5 5#52/4'5 58- 98-:0#9/'&/5 / ;'&#'92/5 9- 2/41-< 
-4- 9'5 />%'6?/5 @()AB / @()(B @CD/9 *EEE<5/68- F)(B) 70$%95 ./0/5< 
-4- ' 10'2'3-&4' 5/4#5%G4/&5H;/0< 58- ./5
&#2-5 1-& />%'6?/5 .#3/&/9
#'#5< 2'#5
-4-+
ẋ(t) = h(x(t), u(t), t) , @()AB
y(t) = f(x(t), u(t), t) , @()(B-9./ h / f 58- 3%96?/5 98-:0#9/'&/5)I- 
'5- .' 10'2'3-&4' 5/4#5%G4/&5H;/0 ' />%'68- .#3/&/9
#'0 >%/ &/1&/5/92' - 5#52/4' J+
ẋ(t) =











J(η)ν

M−1
∑

F

p











, @() B-9./ - ;/2-& ./ /52'.- J x(t) = [η′ ν′ V ′]′< ∑F J - 5-4'2K&#- .'5 3-&6'5 >%/ '$/4 9- 5#52/4' /
p = [p1, . . . pj]

′< J ' ;'L8- ./ M$%' 9-5 2'9>%/5 ./ 0'52&-)70$%4'5 />%'6?/5 98-:0#9/'&/5< /92&/2'92-< 1-./4 5/& '1&-N#4'.'5 1-& />%'6?/5 0#9/'&/5 5-G ./2/&4#:9'.'5 
-9.#6?/5 @CD/9 *EEE< 5/68- F)(B) O%1-9D' >%/ 1'&' %4' /92&'.' u0(t) / %4' .'.' 
-9.#68-#9#
#'0< ' 5-0%68- .' />%'68- @()AB J x0(t) !" #$%&'
ẋ0(t) = h(x0(t), u0(t), t) , ()*+,-".!/0& &1!2& 3"$ & $/42&5& #$%& 6$7$8$/4$ &64$2&5& .&2& u0(t)9:"(t) $ &# 
!/5<=>$# </<
<&<# 4&8?@8#$%&8 6$7$8$/4$ &64$2&5&#* A&2& &61"8&# $3"&=>$# /B!C6</$&2$# & #!6"=B! 4&8?@8 .!5$ #!D2$2 &.$/&#"8& .$3"$/& &64$2&=B! .!5$/5! #$2 $E.2$##& .!2 x0(t)9:E(t) 
!8 :E(t) .$3"$/! .&2& 4!5! </#4&/4$ t*F$##&# 
!/5<=>$# .!5$C#$ $E.2$##&2 & $3"&=B! ()*G, 
!8!'
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 !
ẋ0(t) + ˙̃x(t) = h(x0(t) + x̃(t), u0(t) + ũ(t), t) , "#$%&
ẋ0(t) + ˙̃x(t) = h(x0(t), u0(t), t) +

∂h

∂x
x̃+

∂h

∂u
ũ+ ... ,'()*+ h = [h1 h2 h3]

′, x = [x1 x2 x3]
′ * u = [u1 u2]

′, *(-.'+
A =

∂h

∂x
=











∂h1

∂x1

∂h1

∂x2

∂h1

∂x3

∂h2

∂x1

∂h2

∂x2

∂h2

∂x3

∂h3

∂x1

∂h3

∂x2

∂h3

∂x3











, "#$/&
B =

∂h

∂u
=











∂h1

∂u1

∂h1

∂u2

∂h2

∂u1

∂h2

∂u2

∂h3

∂u1

∂h3

∂u2











, "#$0&
12232 43-567*2 2.' 
9343)32 )* :3
';63('2 "<9*( !000, 2*=.' >$#&$ <'4' 2.' 
'4?@-3)32 A ?35-65 )*)@32 B@(=C*2 )*?*()*(-*2 )' -*4?' (x0(t) * u0(t)), *D32, *4 E*53D, )*?*()*4 )' -*4?' t$ F*ED6E*(
63()'G2* '2 B3-'5*2 )* 4362 3D-3 ?'-H(
63 )* x̃ * ũ, ?')*G2* 5*)@765 3 *I@3=.' "#$%& ?353+

˙̃x(t) = Ax̃(t) +Bũ(t) − ẋ0(t) , "#$!J&12-3 K @43 *I@3=.' )* *2?3=' )* *2-3)' D6(*35673)3$ L* B'543 2*4*D93(-*, ?')*G2* ';-*5 3 *I@3=.'
y(t) = f(x(t), u(t), t)$M2264, '2 :3
';63('2 )3 B@(=.' I@* 5*?5*2*(-3 3 )6(N46
3 )3 ?D3-3B'543 2.' )*-*546(3)'2 ?'5+
A=

∂h

∂x
=
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















∂J(η)ν
∂x

. . . ∂J(η)ν
∂φ

. . . ∂J(η)ν
∂u

. . . ∂J(η)ν
∂p

. . . ∂J(η)ν
∂V1

. . . ∂J(η)ν
∂Vj

. . . . .

∂M−1
∑

F

∂x
. ∂M−1

∑

F

∂φ
. . . ∂M−1

∑

F

∂V1

.

. . . . .

∂p
∂x

. . . ∂p
∂φ

. . . ∂p
∂u

. . . ∂p
∂p

. . . ∂p
∂V1

. . . ∂p
∂Vj




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









"#$!!&
B =

∂h

∂u
=











∂J(η)ν
∂U

∂M−1
∑

F

∂U

∂p
∂U











, "#$!>&
M2 *I@3=C*2 D6(*35673)32 2*5.' @-6D673)32 (' ?5'O*-' )' 
'(-5'D3)'5 * )' ';2*5P3)'5 )* *2-3)'$
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676766 ! !" #
%&'()*+,% -%. /0+(0. -* 1%+,2%'*"# $%&%'(#)(%* + ,+-*./ A 0%*
%2%3&% 45% #& 6*+5& $% ).2%*$+$% 45% &% $%&%7+ 
#'-*#)+* [z, φ, θ]′ &8# 9*+3
+,%'-% +
#0)+$#& %'-*% &.: 0#$%'$# &%* 
#'-*#)+$#& $% ,+'%.*+ .'$%0%'$%'-%: 5-.)./+'$#3&% 5,+ ,+-*./$% $%&+
#0)+,%'-#;" ,+-*./ $% $%&+
#0)+,%'-# <%4;=;>=? 9#. 5-.)./+$+ 0+*+ -*+'&9#*,+* # (%-#* 
#, #& &.'+.& $% 
#'-*#)% $%
+$+ 6*+5 $% ).2%*$+$%: 
+)+$#: 7#6# % +*9+6%,: %, 5, (%-#* 
#, #& 45+-*# &.'+.& 0+*+ #& -+'45%& $%)+&-*# <%4; =;>@?: &%'$# 
+$+ ).'A+ $+ ,+-*./ 
#**%&0#'$%'-% + 5, -+'45%; B &.'+) $% 
#'-*#)% $# 
+)+$#C 0+&&+$# .'+)-%*+$# 0+*+ -#$#& #& -+'45%& $% )+&-*#: ,+& #& &.'+.& (.'$#& $#& 
#'-*#)%& $% .'
).'+D8#0*%
.&+, &#9*%* .'(%*&E%& $% &.'+.& 0#.&: 0+*+ .'
).'+* # &.&-%,+: C '%
%&&F*.# 45% $#.& -+'45%& *%
%2+,
#,+'$# 0+*+ %'
A%* % $#.& *%
%2+, 
#,+'$# 0+*+ %&(+/.+* <G%-#: H+&-+'A+*#: I#*+%& J K#0%& !LLM?;
ū = Wmu , <=;>@?

Wm =

















1 1 1

1 1 −1

1 −1 1

1 −1 −1

















, <=;>=?
H#, .&&#: 
#'9#*,% <G%-#: H+&-+'A+*#: I#*+%&: K#0%& J H5'A+ !LLM?: # ,#$%)# $% %&0+D# $% %&-+$#0+*+ + 0)+-+9#*,+ 0#$% &%* *%0*%&%'-+$# 0#* -*N& 
#'75'-#& $% %45+DE%&: 5, 0+*+ 
+$+ 6*+5 $% ).2%*$+$%+ &%* 
#'-*#)+$#;O+*+ # 
#'-*#)% $+& 2#,2+& $#& -+'45%& $% )+&-*# &8# 5-.)./+$#& 
#'-*#)+$#*%& 0*#0#*
.#'+.&; B (+)#* $#6+'A# 0*#0#*
.#'+) 9#. +75&-+$# 
#,05-+
.#'+),%'-% (kp = 650) 0+*+ %(.-+* #&
.)+DE%& %, ,+)A+ 9%
A+$+
+5&+$+& 0#* +-*+&#& '8# ,#$%)+$#& '+ $.'P,.
+ $+& 2#,2+& <Q#*-%& J H5'A+ !LLR?; !3 456(78% -* 4.&(7% -* 4.,(-% -% 9%:0)*+,% ;*2,0
('B (%-#* $% %&-+$# 45% *%6% # ,#(.,%'-# (%*-.
+) C $+$# 0#* [z w Vz]

′: #'$% Vz = V1+V2+V3+V4

4 : *%0*%&%'-+# (#)5,% -#-+) $% F65+ '#& -+'45%& $% )+&-*#;" ,+-*./ Az $# ,#$%)# ).'%+*./+$# 45% *%6% # ,#(.,%'-# (%*-.
+) $+ 0)+-+9#*,+ C $+$+ 0#*S
Az =











0 1 0

−
2ρgAbpcos(φ)cos(θ)

m0
−d33
m0

4ρgcos(φ)cos(θ)
m0

0 0 −kpKz/4











, <=;> ?
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686867 !" # $#%&'( Bz) $#%&'( *+ +,%&#*#) - *#*# ./&0
Bz =











0 0 0 0

0 0 0 0

kpKz/4 kpKz/4 kpKz/4 kpKz/4











, 123456
/,*+ Kz) - # $-*'# #&'%$-%'
# +,%&+ #8 9#(:+8 $;<'$#8 *+ +,%&#*# + 8#=*# *#8 >/$>#8 *+ 
#*# %#,?@+*+ A#8%&/ kin+kout

2 3B 8#=*# y(t) - *+C,'*# 
/$/ [z]3 B $#%&'( *+ 8#=*# Cz - *#*# ./&0
Cz =

[

1 0 0
]

, 1234D6B $#%&'( *+ %&#,8$'88E/ *'&+%# Dz - ,@A#3F $/*+A/ ,/ +8.#G/ *+ +8%#*/ ,/ $/9'$+,%/ *+ 
#A#*/ ./*+ 8+& 9'8%/ ,# H'I323J3H/&#$ &+#A'(#*#8 8'$@A#G:+8 /,*+ / 9/A@$+ *+ ;I@# ,/8 %#,?@+8 *+ A#8%&/ K/' 'I@#A$+,%+ #A%+&#*# *+
u dx/dt x y

mpg /m0

−C−

Y

U4

U3

U2

U1

Integrator

1

s

Cz

K*u

Bz

K*u

Az

K*uH'I@&# 23J0 L/*+A/ ,/ +8.#G/ *+ +8%#*/ ,/ $/9'$+,%/ *+ 
#A#*/K/&$# # .&/9/
#& @$ *+8A/
#$+,%/ 9+&%'
#A ,# .A#%#K/&$#3 F 9/A@$+ *+ ;I@# *+ 
#*# %#,?@+ *+ A#8%&/K/' #A%+&#*/ *+ 0, 00088m3 .#&# 0, 00465m3) /@ 8+M#) / +?@'9#A+,%+ N @$# $#88# *+ 0, 46kg K/' #
&+8
'*## $#88# %/%#A *# .A#%#K/&$# ,/ ',8%#,%+ t = 10s3 "88+ #
&-8
'$/ - +?@'9#A+,%+ # @$# $#88# *+ 0, 115kg./& %#,?@+3F $/9'$+,%/ 9+&%'
#A *# .A#%#K/&$# K/' $/,'%/&#*/ *@&#,%+ #8 8'$@A#G:+8 
/$ /8 $/*+A/8 A',+#& + ,E/OA',+#& *# .A#%#K/&$#3 F8 &+8@A%#*/8 ./*+$ 8+& 9'8%/8 ,#8 H'I8323! + 2323P/*+O8+ />8+&9#& ?@+ # &+8./8%# */ 8'8%+$# 
/$ / $/*+A/ A',+#& #.&+8+,%# $+,/8 /8
'A#G:+8 ?@+ #&+8./8%# 
/$ / $/*+A/ ,E/OA',+#&) ?@+ #.&+8+,%# %#$>-$ @$  !"#$%  & $@'%/ $#'/&3

68

68



696968 !

0 20 40 60 80 100 120 140 160 180 200

0.075

0.08

0.085

0.09

0.095

Tempo(s)

C
a

la
d

o
(m

)

"#$%&' !()* +,-./-0' 1/ -#-0,2' 3/ 2/4#2,30/ 4,&0#
'6( 7/1,6/ 6#3,'&

0 20 40 60 80 100 120 140 160 180 200
0

0.2

0.4

0.6

0.8

1

1.2

1.4

Tempo(s)

C
a

la
d

o
(m

)

"#$%&' !(!* +,-./-0' 1/ -#-0,2' 3/ 2/4#2,30/ 4,&0#
'6( 7/1,6/ 38/ 6#3,'& ! "#$%&'( )* "+,%&( )* "+-%)( ,%.% ( /(012*3-( )* 4(5(9 4,0/& 1, ,-0'1/ :%, &,$, / 2/4#2,30/ 4,&0#
'6 ; 1'1/ ./& [φ p Vφ]′< /31, Vφ = V1+V2−V3−V4

2 &,.&,-,30'' 2;1#' ./31,&'1' 1/ 4/6%2, 1, =$%' 3/- .'&,- 1, 0'3:%,- 1, 6'-0&/(> 2'0&#? Aφ 1/ 2/1,6/ 6#3,'&#?'1/ :%, &,$, / 2/4#2,30/ 4,&0#
'6 1' .6'0'@/&2' ; 1'1' ./&*
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Aφ =











0 1 0

(
̥φ

Iy
)y −d44

Iy

2ρgcos(φ)cos(θ)rcj

Iy

0 0 −kpKφ/2











, !"#$%&
'()* ̥φ + , 
'./'(*(0* *. φ ), )*123,), /,1
2,4 )* M−1

∑

F *. p5 ∂M−1
∑

Fφ

∂p
#6 , .,0127 Bφ5 .,0127 )* *(01,),5 + ),), /'18

Bφ =











0 0 0 0

0 0 0 0

kpKφ/2 kpKφ/2 −kpKφ/2 −kpKφ/2











, !"#$9&
'()* Kφ5 + , , .+)2, /'()*1,), *(01* ,: 3,7;*: .<=2.,: )* *(01,), * :,>), ),: ?'.?,: (': /,1*: )*0,(@A*: )* 4,:01'#B :,>), y(t) + )*C(2), 
'.' [φ]# B .,0127 )* :,>), Cφ + ),), /'18

Cφ =
[

1 0 0
]

, !"#DE&B .,0127 )* 01,(:.2::F' )21*0, Dφ + (A4,#G .')*4' (' *:/,H' )* *:0,)' (' .'32.*(0' )* I'J' /')* :*1 32:0' (, K2J#"# #K'2 1*,427,), A., :2.A4,HF' (, @A,4 ' 3'4A.* )': 0,(@A*: )* 4,:01' 1 * 2 L'1,. ,A.*(0,)': )*
u dx/dt

phi

U4

U3

U2

U1

Radians

to Degrees

R2D

Integrator

1

s

Cphi

K*u

Bphi

K*u

Aphi

K*uK2JA1, "# 8 M')*4' (' *:/,H' )* *:0,)' (' .'32.*(0' )* I'J'
0, 00088m3 /,1, 0, 00465m35 /1'3'
,)' A., 2(
42(,HF' (' N(JA4' )* I'J'#G .'32.*(0' )* I'J' ), /4,0,L'1., L'2 .'(20'1,)' )A1,(0* ,: :2.A4,H;*: 
'. ': .')*4': 42(*,1 * (F'O42(*,1 ), /4,0,L'1.,# G: 1*:A40,)': /')*. :*1 32:0': (,: K2J:#"#P * "#Q#R')*O:* '?:*13,1 @A*5 *.?'1, ' 0*./' )* 1*:/':0, )': )'2: .')*4': :*I, ?*. /,1*
2)'5 A., )2L*1*(H,
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/3-#1,&;4,7 ./1, -,& /<-,&4'1' 3/- #3-0'30,- #3#
#'#- 1' -#2%7'=9/> 
/2 / 2/1,7/ 39/?7#3,'& '.&,-,3?0'31/ %2 
/2./&0'2,30/ @%, 0,31, .'&' ' ,-0'<#7#1'1, 3/- #3-0'30,- #3#
#'#-) !" #$%&'() *+ #,-&') *+ #,.&*) -&/& ) 0)123+4.) *+ 5/6&7+3A 4,0/& 1, ,-0'1/ @%, &,$, / 2/4#2,30/ 4,&0#
'7 B 1'1/ ./& [θ p Vθ]
′> /31, Vθ = V1−V2+V3−V4

2 &,.&,-,30'' 2B1#' ./31,&'1' 1/ 4/7%2, 1, ;$%' 3/- .'&,- 1, 0'3@%,- 1, 7'-0&/)C 2'0&#D Aθ 1/ 2/1,7/ 7#3,'&#D'1/ @%, &,$, / 2/4#2,30/ 4,&0#
'7 1' .7'0'E/&2' B 1'1' ./&*
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Aθ =











0 1 0
(

̥θ

Ix

)

x −d55

Ix
−

ρgxcj

Ix

0 0 0











, "#$%&'
()*+ ̥θ , - 
(/0()+)1+ +/ θ *- *+234-*- 0-2
3-5 *+ M−1

∑

F +/ q6 ∂M−1
∑

Fθ

∂q
$7 - /-1238 Bφ6 /-1238 *+ +)12-*-6 , *-*- 0(29

Bθ =











0 0 0 0

0 0 0 0

Kθ/2 −Kθ/2 Kθ/2 −Kθ/2











, "#$%%'
()*+ Kθ6 , - - /,*3- 0()*+2-*- +)12+ -: 4-8;+: /<=3/-: *+ +)12-*- + :->*- *-: ?(/?-: )(: 0-2+: *+1-)@A+: *+ 5-:12($B :->*- y(t) , *+C)3*- 
(/( [θ]$ B /-1238 *+ :->*- Cθ , *-*- 0(29

Cθ =
[

1 0 0
]

, "#$%D'B /-1238 *+ 12-):/3::E( *32+1- Dθ , )A5-$F /(*+5( )( +:0-G( *+ +:1-*( )( /(43/+)1( *+ -2H-I+/ 0(*+ :+2 43:1( )- J3I$#$K$J(3 2+-538-*- A/- :3/A5-GE( )- @A-5 ( 4(5A/+ *(: 1-)@A+: *+ 5-:12( 1 + 3 H(2-/ -A/+)1-*(: *+
u dx/dt

U4

U3

U2

U1

ThetaRadians

to Degrees

R2D

Integrator

1

s

Ctheta

K*u

Btheta

K*u

Atheta

K*uJ3IA2- #$K9 L(*+5( )( +:0-G( *+ +:1-*( )( /(43/+)1( *+ -2H-I+/
0, 00088m3 0-2- 0, 00465m36 02(4(
-*( A/- 3)
53)-GE( )( M)IA5( *+ -2H-I+/$F /(43/+)1( *+ -2H-I+/ *- 05-1-H(2/- H(3 /()31(2-*( *A2-)1+ -: :3/A5-G;+: 
(/ (: /(*+5(: 53)+-2 +)E(N53)+-2 *- 05-1-H(2/-$ F: 2+:A51-*(: 0(*+/ :+2 43:1(: )-: J3I:$#$O + #$&P$Q(*+N:+ (?:+24-2 A/ 
(/0(21-/+)1( :+/+5R-)1+ -( *( S(I(6 ( 1+/0( *+ 2+:0(:1- *(: *(3: /(*+5(: H(3?+/ 0-2+
3*(6 /-: A/- *3H+2+)G- 
():3*+2<4+5 0(*+ :+2 (?:+24-*- )(: 3):1-)1+: 3)3
3-3: *- :3/A5-GE(6 
(/
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747473 !"#$ 
$&&'"($)*')+'" ," &-./'" *-" '01-23'"4 5"+$ 64 -$" ($7$" *$ "5"+'8-4 ' ($*'8 "'& ')
$)+&-*$" -+&-96"*- '01-2#$ 
-&-
+'&."+5
- :;<-+- =>>?@A
det(λI −A(z,φ,θ)) = 0 , :BC=B@$)*' I 6 - 8-+&5/ 5*')+5*-*' ' λ "#$ $" -1+$9-7$&'" *$ 8$*'7$CD$ 
-"$ *$ 8$*'7$ 75)'-&5/-*$ *- (7-+-E$&8- "'85"1F8'&".9'74 $" ($7$" ($*'8 "'& $F+5*$" *- '01-2#$
-&-
+'&."+5
- *' 
-*- <&-1 *' 75F'&*-*'CG-&- $ 8$958')+$ 9'&+5
-7 - '01-2#$ 
-&-
+'&."+5
- 6A

s3 + 5, 806s2 + 71, 707s+ 372, 962 , :BC= @H+575/-)*$ $ 
$8-)*$ I !!"#J *$ K-+7-F4 *'+'&85)-L"' $" ($7$" *'""- '01-2#$ Pcalado0 = [−0, 2156 +

8, 3273i − 0, 2156− 8, 3273 − 5, 3749]CD$ 8$958')+$ *' M$<$ - '01-2#$ 
-&-
+'&."+5
- 6A
s3 + 9, 920s2 + 369, 886s+ 1856, 818 , :BC=N@;" ($7$" *'""- '01-2#$ "#$ Pjogo0 = [−2, 2725 + 18, 4470i − 2, 2725− 18, 4470i − 5, 3750]CO )$ 8$958')+$ *' -&E-<'8 - '01-2#$ 
-&-
+'&."+5
- 6A
s3 + 9, 920s2 + 669, 886s+ 2056, 818 , :BC=P@;" ($7$" *'""- '01-2#$ "#$ Parfagem0 = [−3, 3741 + 25, 2408i − 3, 3741− 25, 2408i − 3, 1717]CG$*'8$" $F"'&9-&4 ('7$" &'"17+-*$" $F+5*$"4 -7<18-" 
-&-
+'&."+5
-" 5)*'"'MQ9'5"4 01' 9'8 *' ')
$)+&$ -$01' "' *'"'M- (-&- $ "5"+'8- '8 01'"+#$4 
$8$ ($& 'R'8(7$4 $" +&6" <&-1" *' 75F'&*-*' -(&'"')+-8 ($7$"(&SR58$" , $&5<'8 *$ "5"+'8- *' 
$$&*')-*-"4 $ 01' +$&)- - &'"($"+- *$ "5"+'8- &'7-+59-8')+' 7')+-4 MQ01' - 9'7$
5*-*' *' '"+-F575/-2#$ - 7$)<$ (&-/$ :-""58(+S+5
-@ *'(')*' 'R
71"59-8')+' *$ (S7$ 01' '"+'M-8-5" (&SR58$ *$ '5R$ 58-<5)Q&5$4 +$&)-)*$L"' 8-5" 7')+- 01-)+$ 8-5" (&SR58$ "' ')
$)+&-& '""' (S7$*$ '5R$C ;1+&- 
-&-
+'&."+5
- 5)*'"'MQ9'7 6 - (&'"')2- *' ($7$" 
$8(7'R$ 
$)M1<-*$"4 $ 01' +$&)j − th-- &'"($"+- *$ "5"+'8- 8')$" -8$&+'
5*-C O""-" 
-&-
+'&."+5
-" "#$ 5)*'"'MQ9'5" MQ 01' '"('&-L"' 01' $"5"+'8- &'"($)*- &-(5*-8')+' -$" 
$8-)*$" *-*$" -$" +-)01'" *' 7-"+&$ ' $ 8$958')+$ *' F-7-)2$ *-(7-+-E$&8- "'M- $ 8')$& ($"".9'7CG-&- 
$)+$&)-& '""'" (&$F7'8-" 1+575/$1L"' 18- -F$&*-<'8 FQ"5
- *$ 
$)+&$7' ($& &'-758')+-2#$ *''"+-*$4 01' ('&85+' &'($"5
5$)-& $" -1+$9-7$&'" *'""' "5"+'8-C G-&- &'-75/-& - &'-758')+-2#$ *' '"+-*$4*'T)'L"' 18- )$9- ')+&-*- (-&- $ "5"+'8- '0159-7')+' , *5E'&')2- ')+&' - ')+&-*- *' &'E'&U)
5- ' - "-.*--+1-7 *$ "5"+'8- :"5)-7 *' '&&$@4 
$8$ 8$"+&- - '01-2#$ :;<-+- =>>?@A

u = Kcyref −Kgx , :BC=V@$)*' Kc 6 $ <-)W$ DC4 yref 6 $ "5)-7 *' &'E'&U)
5- (-&- -" F$8F-" *' 7-"+&$ ' Kg 6 $ 9'+$& *' <-)W$"(-&- 
-*- <&-1 *' 75F'&*-*'CD- X5<CBCYY4 ($*'L"' $F"'&9-& $ 8$*'7$ )$ '"(-2$ *' '"+-*$ '8 8-7W- E'
W-*-C
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YU State −Space

x’ = Ax+Bu

 y = Cx+Du

Kg

K*u

Kc

K*u

"#$%&' ()**+ ,-./0- 1- /23'4- ./ /25'.- /6 6'07' 8/
7'.':%;25#5%#1.- <()=>? /6 <()@A?B 5/&/6-2+
ẋ = Ax+B(Kcyref −Kgx) , <()=C?
ẋ = (A−BKg)x +BKcyref .D' /E%'4F- <()=C? 3-./G2/ -;2/&H'& E%/ -2 3-0-2 .- 2#25/6' 1F- ./3/1./6 6'#2 '3/1'2 .' 6'5&#I AB6'2 5'6;J6 .' 6'5&#I B / .- H/5-& ./ $'17-2 Kg) K'2- 1F- 7'L' %6' /15&'.' ./ &/8/&M1
#' yref = 0B- 2#1'0 ./ /15&'.' 2/&N 2#630/26/15/ u = −Kgx)O'&' &/'0#I'& - 3&-L/5- .- 
-15&-0'.-& 3-& &/'0#6/15'4F- ./H/G2/B 3&#6/#&'6/15/B -;2/&H'& 2/ - 2#25/6' J
-630/5'6/15/ 
-15&-0NH/0B 
-1.#4F- 1/
/22N&#' / 2%P
#/15/ 3'&' '0-
'4F- '&;#5&N&#' ./ 3-0-2) !"!# $%&'(%)*+,),-*-. -% /,0'.1*Q6 2#25/6' J .#5- 
-15&-0NH/0 1- #125'15/ t0 2/ 8-& 3-22RH/0B 3-& 6/#- ./ %6 H/5-& ./ 
-15&-0/ 1F- 0#6#G5'.-B 5&'128/&#& - 2#25/6' ./ E%'0E%/& /25'.- #1#
#'0 x(t0) 3'&' E%'0E%/& -%5&- /25'.-B /6 %6 #15/&H'0-./ 5/63- P1#5- <S$'5' =!!@?) !"#$%"&'()&)*'*+ !",-&+$' *+ ./$'*" *+ 0)/$+,'/ *+ 1+,-" !"#$2#3"K-12#./&/ - 2#25/6' ./ 5/63- 
-15R1%-+

ẋ = Ax+Bu . <()@!?S 2#25/6' ./2
&#5- 3/0' /E%'4F- <()@!? 2/&N .#5- 
-15&-0NH/0 /6 t = t0 2/ 8-& 3-22RH/0 
-125&%#& %6 2#1'0./ 
-15&-0/ 1F- 0#6#5'.- E%/ 5&'12P&' - 2#25/6' ./ %6 /25'.- #1#
#'0 3'&' E%'0E%/& /25'.- P1'0B /6 %6#15/&H'0- ./ 5/63- P1#5- t0 ≤ t ≤ t1) :/ 5-.- /25'.- 8-& 
-15&-0NH/0B /15F- - 2#25/6' 2/&N 
-12#./&'.- .//25'.- 
-630/5'6/15/ 
-15&-0NH/0) O-./G2/ ./6-125&'& E%/ %6 2#25/6' 
-6- - .'.- 3/0' /E%'4F- <()@!?J ./ /25'.- 
-630/5'6/15/ 
-15&-0NH/0 2/B / 2-6/15/ 2/B -2 H/5-&/2 B,AB, ..., An−1B 8-&/6 0#1/'&6/15/#1./3/1./15/2 -% ' 6'5&#I [B AB . . . An−1B] 5#H/& 3-25-  <3-25- 
-630/5-?)T22#6B 3'&' - 
'2- .' 30'5'8-&6' 2/6#2%;6/&2RH/0B 3-./6-2 6-25&'& E%/ '2 6'5&#I/2 ./ 
-15&-0';#0#.'./
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767675 !"#$$%&' "#$(# 
#'"*&(# +&,-.-./01 $&23# "#$$45&* 6"*7
68 6 8&6*#
69:# 68;7(8<876 3& $&%$ "#*#$-
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 !" #$%
'%( )( *+,-( ). /.+%01.,2+34(> &$
#*?6 36 "#$79:# 3#$ 2#5#$ "#*#$ 3# $7$(&'6 *&5#% &' 
#2$73&869:# 6$ 
686
(&84$(7
6$ 3&$&@<5&7$ "686# $7$(&'61 
7(636$ 62(&87#8'&2(&- >*#
623#A$& #$ "#*#$ 3#'7262(&$ 36 '6*?6 B&
?636 37$(62(&$ 3# &7C# jω3& '#3# ,%& 6 8&$"#$(6 3# $7$(&'6 $& (#82& '%7(# 8<"7361 #$ $7267$ $& (#8268:# '%7(# &*&563#$1 B6D&23#
#' ,%& # $7$(&'6 $& (#82& 2:#A*72&681 
686
(&84$(7
6 ,%& 3&5& $&8 &57(636 +E?&2 !FFF0- G#8(62(#1 B#86'&$
#*?73#$ "#*#$ $7(%63#$ $#;8& # &7C# 8&6* & 86D#65&*'&2(& 37$(62(&$ 3# &7C# jω1 3& '#3# 6 H6862(78 %'68&$"#$(6 86D#65&*'&2(& 8<"736 
#' "#%
# I !"#$%  &J-
Pcalado =

[

−5 −10 −16
]

,

Pjogo =
[

−5 −12 −20
]

, +.-=K0
Parfagem =

[

−6 −10 −16
]

,L' ,%68(# "M*# B#7 6
8&$
&2(63# 8&B&8&2(& 6 %' 72(&H863#8 637
7#26* %(7*7D63# "686 8&3%D78 6# '427'# #&88# &$(6
7#2<87#-
Pcaladoo

=
[

−5 −10 −16 − 30
]

,

Pjogoo
=
[

−5 −12 −20 − 30
]

, +.-==0
Parfagemo

=
[

−6 −10 −16 − 30
]

,NC7$(&' 5<876$ '62&786$ 3& $& 
6*
%*68 #$ H62?#$ 3& '6*?6 B&
?636 8&$"#2$<5&7$ "&*# 8&"#$7
7#26'&2(#3#$ "#*#$ 2#$ *#
67$ 3&$&@63#$- L'6 '62&786 ;&' $7'"*&$ 3&O2& 6 '6(87D 3& H62?# 
#'#P KG =

76
76

76



 !
[kG1 kG2 kG3]" #$%&'&()*+,- |sI − A(z,φ,θ) + B(z,φ,θ)KG|. *()- s = jω - I / & 0&1234 3)-(13)&)-. 
*0& -6%&78* 
&2&
1-29,13
& )-,-:&)&. *;1/0+,- *, $&(<*, )- 0&'<& =-
<&)&" >-,,& ?3,,-21&78* *, $&(<*,=*2&0 
&'
%'&)*, @-'& =%(78* A 
"#$A)* B&1'&;"C, $&(<*, )- 0&'<& =-
<&)& *;13)*, =*2&0D

Kcalado =
[

−0, 0655 0, 0103 4, 6872 −0.1157
]

,

Kjogo =
[

−0, 0698 −0, 0006 2, 5190 −0.0339
]

, EF"GFH
Karfagem =

[

−0, 0898 −0, 0006 2, 7190 −0.6587
]

,I&2& * 
*(12*'- @*2 -,@&7* )- -,1&)*. 0&'<& =-
<&)&. <J & (-
-,,3)&)- )- 0-)32+,- 1*)&, &, K&23JK-3, )--,1&)* )* ,3,1-0&. (* 
&,* )& @'&1&=*20& ,-03+,%;0-29K-' * 
&'&)* EzH. * L($%'* )- :*$* EφH. * L($%'*)- &2=&$-0 EθH. ,%&, 2-,@-
13K&, )-23K&)&, )- @230-32& *2)-0 Ep, q e rH - * K*'%0- )*, 1&(6%-, )- '&,12*EV(z,φ,θ)H" >& @2J13
&. & *;1-(78* )- &'$%(, )-,,-, @&2L0-12*,. 
*0* -M-0@'* &, K-'*
3)&)-,. / )3N
%'+1&)& @*2 2%9)*, - )3,1O2;3*,. * 6%- ,%$-2- & %13'34&78* )- *;,-2K&)*2-, (* @2*:-1* )- 
*(12*'- EP*21-, QR%(<& !SS H" C 0*)-'* 
*0 *, 12T, $2&%, )- '3;-2)&)- @*)- ,-2 *;,-2K&)* (& P3$"F"U!">&, P3$," F"UG V F"UF. @*)-+,- *;,-2K&2 * 
*0@*21&0-(1* )* ,3,1-0& (* $2&% K-213
&' -0 0&'<& =-
<&)&
u

dx/dt

dx/dt

phi

mpg /m0

−C−

Y

Wm

U1

U2

U3

U4

U_calado

U_phi

U_theta

U4

U3

U2

U1

Theta

Radians

to Degrees1

R2D

Radians

to Degrees

R2D

Integrator 2

1

s

Integrator 1

1

s

Integrator

1

s

Cz

K*u

Ctheta

K*u

Cphi

K*u

Bz

K*u

Btheta

K*u

Bphi

K*u

Az

K*u

Atheta

K*u

Aphi

K*u

P3$%2& F"U!D B*)-'* )* ,3,1-0& 
*0 12T, $2&%, )- '3;-2)&)-@&2& )%&, ,31%&7W-, )3,13(1&," I230-32*. =*3 %13'34&)& %0& -(12&)& -0 )-$2&% 
*0* ,3(&' )- 2-=-2T(
3& -)-@*3,. %0 )3,1O2;3* =*3 &@'3
&)* V @'&(1& - ,-% 
*0@*21&0-(1* =*3 0*(31*2&)*"I*)-+,- *;,-2K&2 %0& 2-,@*,1& %0 @*%
* '-(1& - ,%@-2&0*21-
3)& (& -(12&)& -0 )-$2&%" >* 
&,* )*)3,1O2;3*. & 2-,@*,1& =*3 2-'&13K&0-(1- 2J@3)&. -0;*2& %0& @-6%-(& *,
3'&78* @*,,& ,-2 *;,-2K&)& &(1-,)* 2-$30-"
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797978 ! !" #$%&'()*+' *& ,%-)*+" #$% &' #( %)$'*+,&%* &' '$-,&% &' %*&'( ./'0, ,#12/2, 0, %)-'034% &,$ +,*25+'2$ &' '$-,&% &% $2$-'(,67 89#*, ,),21% (%$-*, % (%&'/% 20-'*0% &' #( %)$'*+,&%* &' '$-,&%6 :%-,;$' <#' % ('$(% = 
%(.%$-%.%* #(, 
?.2, &, ./,0-,@ $'0&% *',/2('0-,&, .'/% '**% 9'*,&% '0-*' , $,A&, &% $2$-'(, ' , $,A&, '$-2;(,&,@ (#/-2./2
,&% .%* #( +'-%* &' 
%**'34% &' '**%$ BK0C6 D#, '0-*,&, = 
%(.%$-, .'/, '0-*,&, &,./,0-, ' .%* '$$' $20,/ *',/2('0-,&%6 E $#, $,A&, = % +'-%* &' '$-,&% '$-2(,&% B"9,-, FGGHC6 7$$2(@+,*2I+'2$ &2JA
'2$ &' $'*'( ('0$#*,&,$ 0, .*I-2
, .%&'( $'* '$-2(,&,$ ' % 
%0-*%/,&%* .%&' ,92* $%)*'#(, '$-2(,-2+, ),$-,0-' *,K%I+'/ &, *'$.%$-, &% $2$-'(, , #(, &'-'*(20,&, '0-*,&,67$$2(@ 
%0$2&'*,0&% , ./,0-, &'802&, .'/,$ '<#,3L'$ ,),21%M
ẋ = Ax+Bu , B!6HNC
y = Cx , B!6H C7 O29#*, !6PN (%$-*, % (%&'/% 20-'*0% &' #( %)$'*+,&%* &' '$-,&%6 :%-,;$' <#' % ('$(% .%$$#2 #(,
?.2, &, ./,0-,@ *'.*'$'0-,&% .%* Ao@ Bo@ Co6 " %)$'*+,&%* -'( 
%(% $,A&, % +'-%* &' '$-,&% '$-2(,&%

xo ' $#,$ '0-*,&,$ $4% 
%(.%$-,$ .'/, '0-*,&, &, ./,0-, ' .'/, $,A&, %)$'*+I+'/ &, ('$(,6 Q' (%&%, -'0-,* (202(2K,* '**%$ &'+2&% R$ &2J'*'03,$ '0-*' , ./,0-, ' % (%&'/%@ '12$-' #( +'-%* &' 
%**'34%&' '**%$ ko <#' ,9' 0, &2J'*'03, '0-*' , $,A&, %)$'*+I+'/ &, ./,0-, ' , $,A&, '$-2(,&, &% %)$'*+,&%*B"9,-, FGGHC6" (%&'/% (,-'(I-2
% &% %)$'*+,&%* 8
, &'802&% 
%(%M
referencia

xo

U_1

U_2

U_3

U_4

Wm

U1

U2

U3

U4

U_calado

U_phi

U_theta

Planta _com_observador

U

Uo

x

xo

Jogo

Calado

ArfagemO29#*, !6PNM S%&'/% 0% '$.,3% &' '$-,&% '( (,/T, J'
T,&, 
%( %)$'*+,&%*
ẋo = Axo +Bu+ ko(y − Cxo) , B!6HUC
ẋo = (A− koC)xo +Bu+ koy , B!6HVCE % (%&'/% 
%( %)$'*+,&%* &' %*&'( ./'0, B('$(, %*&'( &, ./,0-,C@ #-2/2K,&% 0,$ $2(#/,3L'$@ .%$$#2#( '**% &' %)$'*+,34% 29#,/ , B"9,-, FGGHCM
ẋ− ẋo = (A− koC)(x − xo) . B!6HWC
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 !"#$%&' (
 !" #$%�! !"#$#%&' ()*)+,'%,-(' #' %'+.' ()*!# /-**)"!#01' !),) 
'3' '$4)!-,' 5'"+)
)" 63# +',# 5)""#3)+!#+# 7")# () 3'()%#.)3 (# (-+83-
# () 9%#!#5'"3#* *)3-:*6$3)"*;,)-* 
'3 *)-* ."#6* () %-$)"#(#()<  3'()%' ()*)+,'%,-(' 5'- 
#9#= () ")9"'(6=-" 
'3 $'# >()%-(#() ' 3'()%' ")#%? 9'**-$-%-!#+(' # '$!)+01'() ")*6%!#('* 
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